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' Abstract. In |AB) . Atiyah and Bott studied Yang-Mills functional over a Riemann surface 

, from the point of view of Morse theory. In |HL4] , we study Yang-Mills functional on the space 

of connections on a principal GH-bundle over a closed, connected, nonorientable surface, where 
Gm is any compact connected Lie group. In this paper, we generalize the discussion in [AB) 
. and [HL4] . We obtain explicit descriptions of equivariant Morse stratification of Yang-Mills 

functional on orientable and nonorientable surfaces for non-unitary classical groups SO{n) and 
Sp{n). When the surface is orientable, we use Laumon and Rapoport's method [LR) to invert 
0^ ■ the Atiyah-Bott recursion relation, and write down explicit formulas of rational equivariant 

Poincare series of the semistable stratum of the space of holomorphic structures on a principal 
, SO{n, C)-bundle or a principal Sp{n, C)-bundle. 
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1. Introduction 

Let Gk be a compact, connected Lie group. The complexification G of is a connected 
reductive algebraic group over C. For example, when Gr = U{n), then G = GL{n,C). Let P 
be a C°° principal GR-bundle over a Riemann surface S, and let = Pxg^G he the associated 
G°° principal G-bundle. The space A{P) of GiR-connections on P is isomorphic to the space 
C(^o) of (0, l)-connections {d operators) on as infinite dimensional complex affine spaces. 
In the seminal paper [AB], Atiyah and Bott obtained results on the topology of the moduli 
space Ai{Co) of (S-equivalence classes) of semi-stable holomorphic structures on by studying 
the Morse theory of the Yang- Mills functional on A{P). The absolute minimum of Yang- Mills 
functional is achieved by central Yang- Mills connections, and A^(^o) can be identified with 
the moduli space of gauge equivalence classes of central Yang-Mills connections on P. When 
the absolute minimum of the Yang-Mills functional is zero, which happens exactly when the 
obstruction class o{P) £ 7ri(G)) = vri(G) is torsion, the central Yang-Mills connections 

are flat connections, and A^(^o) can be identified with the moduli space of gauge equivalence 
classes of flat connections on P. 

Atiyah and Bott provided an algorithm of computing the equivariant Poincare series P^ {Cgs ; Q) , 
where Cgs is the semi-stable stratum in C(^o) and = Aut(^o) is the gauge group. They proved 
that the stratification of C(^o) is ^"^-equivariantly perfect, so 

Pf (C(eo);Q) = Pf (C..;Q)+ t"''Pf{C,;Q) 

where is the complex codimension of the stratum C^, which is a complex submanifold of 
C(^o)) and the sum is over all strata except for the top one Css- The left hand side can be 
identified with Pt{BQ; Q), the rational Poincare series of the classifying space BQ of the gauge 
group g = Aut(P). On the right hand side, P^ (C^;Q) can be related to the equivariant 
Poincare series of the top stratum of the space of connections on a principal G^-bundle, where 

G^ is a subgroup of G. So once Pt{BQ;Q) is computed, P^ (Cgs^Q) can be computed re- 
cursively. Zagier solved the recursion relation for G = GL{n,C) in |Za| . and Laumon and 
Rapoport solved the recursion relation for a general connected reductive algebraic group G 
over C in [LR]. The series P^^{Css;Q) can be identified with P^*{Vss{P);Q), where Vss{P) 
is the representation variety of central Yang-Mills connections on P. When the obstruction 
class 02{P) G 7ri(G)) = vri(G) is torsion, VssiP) is the representation variety of flat 

Yang- Mills connections on P, which is a connected component of Hom(7ri(S), Gr). 

In [HL4) . we study Yang- Mills functional on the space of connections on a principal Gr- 
bundle P over a closed, connected, nonorientable surface S. By pulling back connections to 
the orientable double cover tt : S — > S, one gets an inclusion A{P) ^ A{P) from the space 
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of connections on P to the space of connections on P, where P = tt* P ^ T,. The Yang-Mihs 
functional on A{P) is the restriction of the Yang-Mihs functional on A{P). For nonorientable 
surfaces, the absolute minimum of the Yang-Mills functional is zero for any P, achieved by flat 
connections. The moduli space of gauge equivalence classes of flat Gig-connections on P can be 
identified with a connected component of Hom(7ri(E), Gk)/Gk, where Gr acts by conjugation. 
In this paper, we generalize the discussion in [AB] and [HL4J in the following directions: 

(1) In Section[2l we compute the rational Poincare series Pt{BQ; Q) of the classifying space 
of the gauge group ^ of a principal GR-bundle over any closed connected (orientable 
or nonorientable) surface. The case where S is orientable is known (see [ABl Theorem 
2.15], [LRl Theorem 3.3]). 

(2) When E is orientable and Gss = [G, G] is not simply connected (for example, when 
G = Gss = SO{n,C), n > 2), the recursion relation |LRl Theorem 3.2] that Laumon 
and Rapoport solved in jLRj is not exactly the Atiyah-Bott recursion relation \AB\ 
Theorem 10.10]. As a result, their formula for P/**(G, f^) [LRt Theorem 3.4] is not 

exactly P^^ {CssiCo)'iQ.) when Gss is not simply connected. In Appendix [Aj we show 
that the method in [LRj inverts the Atiyah-Bott recursion relation and yields a closed 

formula for P^ {Css{Co)]Q) = -Pj^"(^ss(^'); Q)i where Gk is any compact connected 
real Lie group (Theorem 14.41 Theorem lA.Op . 

(3) In |IIL4j ■ we established an exact correspondence between the gauge equivalence classes 
of Yang- Mills GiR-connections on S and conjugacy classes of representations rK(S) 
Gk, where rK(S) is the super central extension of vri(S). This correspondence allows 
us to obtain explicit description of ^-equivariant Morse stratification by studying the 
corresponding representation variety of Yang-Mills connections. In Section HI we re- 
cover the description in terms of Atiyah-Bott points for orientable S, and determine 
candidates of Atiyah-Bott points for nonorientable S. 

(4) In Section O Section [6l and Section [71 we give explicit descriptions of ^-equivariant 
Morse strata of Yang-Mills functional on orientable and non-orientable surfaces for non- 
unitary classical groups S0{2n + 1), S0{2n), and Sp{n). When S is non-orientable, 
some twisted representation varieties (introduced and studied in Section and Section 
14. 7p arise in the reduction of these non-unitary classical groups. This is new: in the 
U{n) case (see |HL41 Section 6, 7]), the reduction involves only representation varieties 
of U{m), where m < n, of the nonorientable surface and of its double cover. 

(5) When T, is orientable, we use the closed formula in (2) to write down explicit formulas 
for P^ ^{Vss{P)',Q) for non-unitary classical groups (Theorem 15.51 Theorem 16.41 and 
Theorem 17. 4p . These formulas are analogues of Zagier's formula for U{n). 

The topology of IIom(7ri(E), G]r)/Gir is largely unknown when S is nonorientable. Us- 
ing algebraic topology methods, T. Baird computed the 5C/(2)-equivariant cohomology of 
Hom(7ri(E), SU{2)) and the ordinary cohomology of the quotient space Hom(7ri(S), SU {2))/ SU (2) 
for any closed nonorientable surface E [B]. He also proposed conjectures for general G. 

For the purpose of Morse theory we should consider the Sobolev space of L'j,_^ connections 
A{Pf-^ and the group of L\ gauge transformations Q{P)^ and G'^{P)^, where k > 2. We 
will not emphasize the regularity issues through out the paper, but refer the reader to |AB1 
Section 14] and |Da] for details. 

Acknowledgments. We thank Tom Baird, Ralph Cohen, Robert Friedman, Paul Goerss, 
Lisa Jeffrey, Eckhard Meinrenken, John Morgan, David Nadler, Daniel Ramras, Paul Selick, 
Michael Thaddeus, Jonathan Weitsman, and Christopher Woodward for helpful conversations. 
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We thank Gerard Laumon and Michael Rapoport for confirming our understanding of their 
paper [LRj . 

2. Topology of Gauge Group 

Let S be a closed connected surface. By classification of surfaces, E is homeomorphic to a 
Riemann surface of genus ^ > if it is orientable, and S is homeomorphic to the connected 
sum of m > copies of MP^ if it is nonorientable. 

Let Gk be a compact connected Lie group. Let P be a principal Gs-bundle over S, and 
let Aut(i-*) = G{P) be the gauge group. When S is orientable, the rational Poincare series 
Pt{BG{P);Q) was computed in |AB[ Section 2] for = U{n). The computation can be 
generalized to any general compact connected Lie group (see [LRt Theorem 3.3]). In this 
section, we will compute Pt{BG{P);Q) when Gr is any compact connected Lie group and S 
is any closed connected (orientable or non-orientable) surface. 

Following the strategy in |AB1 Section 2], we first find the rational homotopy type of the 
classifying space BGm. of Gm (see [Se]). Note that BGm. is homotopic to BG, where G is the 
complexification of Gr. Let be a maximal torus of Gr. Then = [/(!)", and 

H*{BHu;Z)^Z[ui,...,Un], 
where m G H'^{BHk; Z). The Weyl group W acts on H*{BHm; Q) = Q[ui, and 

H*{BGu;Q) = H*{BHu;Q)^ ^Q[h,...,In] 

where 1^ is a homogeneous polynomial of degree dfc in ui , . . . , m„. We may take 1^ £ Z[ui, . . . , Un] , 
so that Jfc G (SGr; Z). We may assume that di = ■ ■ ■ = dr = I, and > 1 for /c > r. 
Then r = dimiR(Z(GiR)), where Z(Gir) is the center of Gr. In particular, r = if and only 
if G]R is semisimple. The classes /i, . . . are the universal characteristic classes of principal 
GiK-bundles. Each G (SGr; Z) induces a continuous map : BG^. K{'L;2dk) to an 
Eilenberg-MacLane space, so we have a continuous map 

n 

BG^^\{K{'L,2dk). 

k=l 

This is a rational homotopy equivalence. 

Q 

Fact 2.1. Let ~ denote rational homotopy equivalence. Then 

n 

BG^^\{K{'L,2dk) 

k=l 

In addition to Fact 12.11 we need the following two results: 
Proposition 2.2 ( \AB\ Proposition 2.4]). 

Bg{P) c^Mappi^, BGr), 
where the subscript P denotes the component of a map ofTi into BG^ which induces P. 
Theorem 2.3 (Thom). 

Map(A:, K{A, n)) = K{H\X, A),n - q) 
where K(A, n) is the Eilenberg-MacLane space characterized by 
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Since TTg{X x y) = iTq{X) x TTq{Y), we have 

K{Ai X A2,n) = K{Ai,n) x K{A2,n). 
Let E be a Riemann surface of genus i. Then 



Map(s,[]K(Z,24)) ='[[MM^,K{Z,2dk)) 

k=l k=l 

n 

'[[(^K{H\^;Z),2dk - 2) X K{H\^;Z),2dk - 1) x Z), 24) 

=1 

Z X K{Z,lf^ X K{Z,2) 



X Yl [K{Z, 2dk - 2) X K{Z, 24 - 1)^^ x K{Z, 24) 

fc=r+l 

where the factor Z^' corresponds to different connected components. So 



Mapp(S,SGK) ~ (K(Z,1)^^ X i^(Z,2 

n 

JJ (k{z, 24 - 2) X i^(Z, 24 - if^ X ir(Z, 24) 



n 

X 

fc=r-|-l 

It follows that 



Theorem 2.4 ( |LRl Theorem 3.3]). Let BQ he the classifying space of the gauge group Q of a 
principal G^-bundle over a Riemann surface of genus i. Then 



P,(B5.Q)^(ii±f) n 

\ / I — », 1 1 \ 



k=r+l ^ 



Note that Pt{BQ;Q) does not depend on the topological type of the underlying principal 
G]tt-bundle. 

Let S be the connected sum of m > copies 

ofMp2. Then 



Map(s, J]k(Z,24)) = nMap($],i^(Z,24)) 

fc=i fc=i 

n 

J](K(i/2(S;Z),24 -2) X K{H\^;Z),2dk - 1) x Z), 24)) 

/c=l 
r 

Yl (Z/2Z X A'(Z, 1)™-^ X K{Z, 2)' 



fc=i 

n 

X 

k=r+l 



Yl (k(Z/2Z, 24 - 2) X K{Z, 24 - 1)™"^ x K{Z, 24)) 

:=r+l 

where the factor (Z/2Z)'' corresponds to different connected components. So 

n 

Mapp(S,SGM) ~ ll(K{Z,2dk - 1)™-^ x K{Z,2dS 



k=l 

It follows that 
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Theorem 2.5. Let BQ he the classifying space of the gauge group Q of a principal G^-bundle 
over a non-orientable surface which is diffeomorphic to the connected sum of m > copies of 
MP^ Then 

k=l ^ ' 

For classical groups we have: 

(A) Gk = U{n): W = S{n), the symmetric group, so 

/7*(BC/(n);Q) = Q[ni,...,u„]^(") =Q[ci,...,c„], 

where Ck is the A;-th elementary symmetric function in ui, . . . , n^- In fact, the generator 
Ck £ H'^^{BU{n);Q) is the universal rational k-th. Chern class. So dk = k^ k = 1, ... ,n. 

(B) Gr = S0{2n + 1): W = G{n), the wreath product of Z/2Z by 5(n), so 

H*{BS0{2n + iy,Q)=Q[ui,...,Unf'^''^ = Q[pi,...,Pn], 

where pk is the k-th. elementary symmetric function in u\, . . . ,u^. In fact, pk G 
H'^^{BU (n); Q) is the universal rational A;-th Pontrjagin class. So dk = 2k, k = 1, . . . , n. 

(C) Gk = Sp{n): W = G{n), the wreath product of Z/2Z by S{n), so 

H*{BSp{ny,Q)=Q[ui,...,Unf''''^ =Q[ai,...,an], 

where Uk is the k-th. elementary symmetric function in uf, . . . ,n^. So dk = 2k, k = 
1, . . . ,n. 

(D) G]R = S0{2n): W = SG{n), the subgroup of G(n) consisting of even permutations, so 

H*{BSO{2n);q) = Q[ui, . . . ,n„]^^(") = q[pi, . . . ,pn-i,e], 

where pk is the A;-th elementary symmetric function in u\, . . . ,u'^, and e = ui • • • n„. 
In fact, Pk G H'^^{BU{n);Q) is the universal rational k-th Pontrjagin class, and e G 
H'^"'{BSO{2n);Q) is the universal rational Euler class. So dk = 2k, k = 1, . . . ,n — 1, 
and dn = n. 

3. HoLOMORPHic Principal Bundles over Riemann Surfaces 

Let G be the complexification of a compact, connected real Lie group Gr. Then G is a 
reductive algebraic group over C For example, if Gjj = U{n) then G = GL{n,C). We fix a 
topological principal Gu-bundle P over a Riemann surface S, and let = P Xq^G he the 
associated principal G-bundle. Then the space A{P) of GR-connections on P is isomorphic to 
the space C(^o) of (0, l)-connections ((9-operators) on as infinite dimensional complex affine 
spaces. More explicitly, A{P) and C(^o) are affine spaces whose associated vector spaces are 
f]^(S,gR) and r2*''^(S,g), respectively, where qr and s = Sr (8)r C are the Lie algebras of Gr 
and G, respectively. Choose a local orthonormal frame {9^,6'^) of cotangent bundle of S 
such that = 0^. Define an isomorphism j : Q^{T,,qr) — > J7'^'^(S,0) by 

where Xi,X2 £ fl^{T,, qr). It is easily checked that the definition is independent of choice of 
{9\9'). 

Harder and Narasimhan |HNj defined a stratification on C{(,q) when G = GL(n,C), and 
Ramanathan |Raj extended this to general reductive groups. It was conjectured by Atiyah and 
Bott in [AB], and proved by Daskalopoulos in [Daj (see also [Ra] ). that under the isomorphism 
A{P) = C(^o)) the stratification on C(^o) coincides with the Morse stratification of the Yang- 
Mills functional on A{P). 
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In this section, we first review the description of the stratification in terms of Atiyah-Bott 
points, following [AB, Section 10] and [FMJ. Then we write down the Atiyah-Bott points for 
classical groups explicitly, similar to the description of the stratification in terms of slopes 
when Gr = U{n). 

3.1. Preliminaries on reductive Lie groups and Lie algebras. We have 

= 3g© [0,0] 

where 3g is the center of g and [q,q] is the maximal semisimple subalgebra of g. Let iifs be 
a maximal torus of Gr, and let fjR be the Lie algebra of H^. Then t) = [)m (^r C is a Cartan 
subalgebra of g. Recall that any two maximal tori of Gr are conjugate to each other, and 
any two Cartan subalgebras of g are conjugate to each other. We have f) = 3g © where 
[)' = f) n [g,0]. Here we fix a choice of H^, or equivalently, we fix a Cartan subalgebra of g. 
Let R be the root system associated to f). We have 

= © 0a = 3G e © ga. 

aeR aeR. 

We choose a system of simple roots A C R, and let i?+ be the set of positive roots. The 
Borel subalgebra associated to A is given by 

b = i)e 0a. 

aeR+ 

The Lie algebra of a Borel subgroup i? of G is a Borel subalgebra of g. We have B n Gr = H^. 

A parabolic subgroup P of G is a subgroup containing a Borel subgroup, and a parabolic sub- 
algebra p of g is a subalgebra containing a Borel subalgebra. A parabolic subalgebra containing 
b is of the form 

p = © ga 

oer 

where 

(1) r = i?+ U {a G i? I a G span(A - /)}. 

for some subset / of the set A of simple roots. There is a one-to-one correspondence between 
any two of the following: 

(i) Subsets / C A. 

(ii) Parabolic subalgebras containing a fixed Borel subalgebra b. 

(iii) Parabolic subgroups containing a fixed Borel subgroup B. 

In particular, I being the empty set corresponds to G (or g), and / being the entire set A 
corresponds to B (or b). 

Given a parabolic subalgebra 

p = [)©0ga, 

aer 

with r as in ([1]), define — F to be the set of negatives of the members of T. In other words, 
-F = -R+ L}{ae R\ae span(A - /)}. let 

l = [)© ga, u= ga 

aern-r aer,a^-r 

so that p = [ © u. Then [, u are subalgebras of p and u is an ideal of p. The subalgebra u is 
nilpotent, and is called the nilpotent radical of p. The subalgebra [ is reductive, and is called 
the Levi factor of p. Let P be the parabolic subgroup with Lie algebra p. Let P = LU be the 
semi-direct product associated to the direct sum p = [ © u, so that the Lie algebras of L and 
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U are [ and u, respectively. The reductive Lie group L is called the Levi factor of P, and U is 
called the unipotent radical of P. We have P D = Ljr, the maximal compact subgroup of 
L; L is the complexification of Ljj. 

For simple Lie groups, there is a one-to-one correspondence between simple roots and nodes 
of the Dynkin diagram. In particular, a (proper) maximal parabolic subgroup corresponds to 
omitting one node of the Dynkin diagram. See for example ^FH» Lecture 23]. 

(A) Gk = SU{n), G = SL{n, C), n > 2. 

The Dynkin diagram of s[(n, C) is An-i. Omitting a node of An-i, we get the disjoint 
union of ^m-i and An2-i, where ni + n2 = n, ni,n2 > 1 (with the convention that 
Aq is empty). The corresponding parabolic subgroup P of SL{n,C) is the subgroup 
which leaves the subspace C"^ x {0} of C" invariant. We have 

P n SU{n) = {diag(^, B) \ A £ U{ni),B G [/(na), det(A) det{B) = 1}. 

For a general parabolic subgroup P of SL{n,C), we have 

P n SU{n) = {Ae U{ni) x • • • x [/(n^) | det(^) = 1} 

corresponding to omitting (r — 1) nodes, where ni + ■ ■ ■ + rir = n, rii > 1. 

(B) Gk = S0{2n + 1), G = SO{2n + 1, C), n>l. 

The Dynkin Diagram of so(2n -|- 1, C) is Bn (with the convention Bi = Ai). Omitting 
a node of Bn, we get the disjoint union of ^m-i and Bn^, where ni + n2 = n, ni > 1, 
n2 > (with the convention that Bq is empty). The corresponding parabolic subgroup 
of S0{2n + 1,C) is the subgroup which leaves the following ni-dimensional subspace 
of C^"^"^ invariant: 

{{zi,V^Zi,. . . ,Znj^,V^Zn^,0, . . . , 0) | Zi , . . . , G C} . 

We have 

P n 50(2n + 1) ^ U{ni) x 50(2^2 + 1). 

For a general parabolic subgroup P of S0{2n + 1,C), we have 

P n S0{2n + 1) ^ C/(ni) x • • • x C/(n^_i) x S0{2nr + 1) 

corresponding to omitting (r — 1) nodes, where ni + ■ ■ ■ + = n, rii > 1 for i ^ r, and 
> (with the convention that S'O(l) is the trivial group). 

(C) Gk = Sp{n), G = Sp{n,C), n>l. 

The Dynkin diagram of sp(n, C) is G„ (with the convention Gi = Ai). Omitting a node 
from Gn, we get the disjoint union oi A^^i and G„2, where ni + n2 = n, ni > 1, n2 > 
(with the convention that Gq is the empty set). The corresponding parabolic subgroup 
of Sp{n, C) is the subgroup which leaves the subspace C"^ x {0} of C^" invariant. We 
have 

PnSp{n) ^ U{ni) X Sp{n2). 

For a general parabolic subgroup P of Sp{n,C), we have 

P n Sp{n) ^ U{ni) X • • • X Uirir-i) x S'p(n^) 

corresponding to omitting (r — 1) nodes, where ni + ■ ■ ■ + Ur = n, rii > 1 for i ^ r, and 
rir > (with the convention that Sp{0) is the trivial group). 

(D) Gr = S0{2n), G = 50(2n,C), n > L 

The Dynkin diagram of so(2n,C) is D„ (with the convention Di = Ai, D2 = Ai x 
Ai, D3 = A3). Omitting a node of Dn, we get the disjoint union of ^m-i and 
Dn2, where ni -|- 77-2 = n, ni > 1, 722 > (with the convention that Dq is empty). 
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The corresponding parabolic subgroup of SO{2n,C) is the subgroup which leaves the 
following ni-dimensional subspace of C^" invariant: 

{{zi,\/^Zi,. . . ,Zn^,\/^Zn^,0, . . . ,0) \ Zi, . . . , Zn^ £ C}. 

We have 

P n S0{2n) ^ U{ni) x SO{2n2). 

For a general parabolic subgroup P of S0{2n, C), we have 

P n SO{2n) ^ U{ni) x • • • x U{nr^i) x 50(2n,.) 

corresponding to omitting (r — 1) nodes, where ni + ■ ■ ■ + rir = n, rii > 1 for i ^ r, and 
> (with the convention that SO{0) is the trivial group). Note that SO{2) = U{1). 

3.2. Harder-Narasimhan filtrations of dual vector bundles. Let -E be a holomorphic 
vector bundle over S, and let 

= EqC EiC ■■■ CEr = E 

be the Harder-Narasimhan filtration, where Dj = Ej/Ej-i is semi-stable, and the slopes 
fj,j = deg{Dj) /j:ank{Dj) satisfy /ii > • • • > ^r- The vector fj. = (//i, . . . , fir) is the type of E. 
Let I denote the trivial holomorphic line bundle over S, and let E'^ = Hom(ii^,I) be the dual 
vector bundle, so that 

E^ = Hom(E^,C). 

Define the subbundle E]^j of E"^ by 

{Elj)^ = {aeE^\ a{v) = Vt; G (E,),}. 
then {E^j)x = {Ex/{Ej)x)'^ , and we have 

= El.,C Elr+i C ■■■ C El-^C E^ = E"^ 

Let Fj = E'^^^-/E'^^^-_^. Then rankFj = rankDr+i-j, degFj = — degDr+i-j, so /u(Fj) = 
—fi{Dr+i~j) = —fir+i-j- The type of is given by {—fj-r, • • • , —fJ-i), where —fij- > ■ ■ ■ > —fii. 

3.3. Atiyah-Bott points. Let ^ be a holomorphic principal G-bundle over a Riemann surface, 
and let E = ad^ = ^ x^ g be the associated adjoint bundle. 

The Lie algebra g has a nondegenerate invariant quadratic form g — > C. Therefore, there 
is a nondegenerate invariant quadratic form / on E, which implies E is self-dual E"^ = E. So 
the Harder-Narasimhan filtration of E is of the form 

C E_r C -E-r+i C • • • C E_i C -Eo C £'i C • • • C Er-i C E. 

where 

(E.j)^ = {ve E^ I /(n, t,) = Vn e (^j-i)a} 
and L'o = Eo/E-i has slope zero. Then £"0 is a parabolic subbundle of the Lie algebra bundle 
E. The structure group G of ^ can then be reduced to a parabolic subgroup Q, such that 
i = Xq G, where is a holomorphic principal Q-bundle with ad^g = Eq. The parabolic 
group is unique up to conjugation, and there is a canonical choice for a fixed Borel subgroup 
B. This choice gives the Harder-Narasimhan reduction and Q is called the Harder-Narasimhan 
parabolic of 

The stratification of the space of holomorphic structures on a fixed topological principal G- 
bundle is determined by the Harder-Narasimhan parabolic Q together with the topological 
type of the underlying principal Q-bundle which is an element in 7ri(Q). To make this more 
explicit, we describe the stratification in terms of Atiyah-Bott points, following [FM^ Section 
2]. 
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Let H he a Cartan subgroup of G. Then 7ri(i?) can be viewed as a lattice in \/^f)M such 
that 7ri{H) (g)z M = 

TTiiH) ^{X e v^flM I cxp(27r^X) = e} C ^f)M. 
For example, Gm = U{n), f]R = {27r^/^diag(ti, . . . ,tn) \ ti, . . . ,t„ G M}, and tti{H) can be 



identified with the lattice {diag(/ci, . . . , kn) \ ki, . . . ,kn ^ l^} C. 



The set of simple coroots span a sublattice A of 7ri{H), and 7ri{G) = 7ri(iJ)/A. The 

lattice A is called the coroot lattice of G. Let A be the saturation of A in tti{H). Then 
'K\{Gss) — A/A. Under the above identification, the short exact sequence of abelian groups 

1 ^ 7ri(G,,) ^ 7ri(G) ^ 7ri(G/G,,) ^ 1 

can be rewritten as 

^ A/A ^ Tri{H)/A ^ t^i{H)/1 0, 

where A/A is a finite abelian group, and ■Ki{H)/h. is a lattice. Let denote the connected 
component of the center of G containing identity. Then D = ZqC] Ggs is a finite abelian group, 
and G/Gss — Zq/D. ■ki{G/Gss) = t^i{H)/K can be identified with a lattice in where 
3Gk = 3g n f)R, such that 'Ki{G/Gss) ®z K = V^lGm- 

Let ^0 be a principal G-bundle over a Riemann surface S. Its topological type is classified 
by the second obstruction class ci(^o) € H'^{^\t^i{G)) = 7ri(G). Let 

/x(^o) e 7ri(G/G,s) C v^3Gk 

be the image of ci(^o) under the projection 

7ri(G) = 7ri(i7)/A ^ 7ri(G/G,,) = 7ri(i7)/A. 

The group G = Hom(G, C*) = Hom(G/Gss, C*) can be identified with the dual lattice of 
7ri(if)/A. 

Let be a parabolic subgroup determined by / C A, and let be its Levi factor. 
The topological type of a principal bundle r\Q is determined by ci(r/o) G t^i{L). Given 
^0 € PrinG(S), we want to enumerate 

(2) {% e Prin^i (E) | % x^,/ G = Co}- 

Consider the commutative diagram 





> TTl{Lss) = Al/Al 

iL 

7ri(L) = 7ri(i7)/Ai 

PL 

ni{L/Lss)=MH)/lL 



3ss 



7ri(G,,) =A/A 



7ri(G) = 7ri(/f)/A ''""^"^ Sae/Q/Z 



7ri(G/G,,) = 7ri(//)/A 




where Wa are the fundamental weights. In the above diagram, the columns and the first row 
are exact. 
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Given a principal L-bundle r]o, ci(7/o) G 7ri(L) is determined by 

i(ci(??o)) = ci(r/o XL G) G vri(G), piiciim)) = l^im) ^ t^i{L/Lss). 

Given G ^'^'^^d'^)-, we have ci(.^o) G 7ri(G) and ^(^o) G tti{G/Gss)- The map restricts to 
a bijection j^^ {ci{^o)) P~^(/^('^o))- Note that the set in ([2]) can be identified with j~^(ci(^o))- 

Lemma 3.1 ([FM[ Lemma 2.1.2]). Suppose that t]q is a reduction of to a standard parabolic 
group for some I C A, possibly empty. The Atiyah-Bott point ^(r/o) (^nd the topological 
type of ^0 as a G-bundle determine the topological type ofrjo/U^ as an -bundle (and hence 
of rjo as a bundle). Given a point /x G f)R, there is a reduction of ^ to a P^ -bundle whose 
Atiyah-Bott point is if and only if the following conditions hold: 

(i) // G V—^dL'^j where is the center of the Lie algebra of = (1 G^. 

(ii) For every simple root a G I we have WaifJ-) = ■cf7a(c) (mod Z). 

(iii) xip-) = x(c) for all characters x of G. 

Definition 3.2 ( |FM1 Definition 2.1.3]). A pair (fJ,,!) consisting of a point fi G V — Ifli. and 
a subset / C A is said to be of Atiyah-Bott type for c G vri(G) (or where ci(^o) = c) if 
(i)-(iii) hold. A point fi G is said to be o/ Atiyah-Bott type for c if there is / C A 

such that (|U, /) is a pair of Atiyah-Bott type for c. 

One may assume fi G Co, where Co is the closure of the fundamental Weyl chamber 

Co = {a: G y^f)iR I a{X) > Va G A}. 

We may choose the minimal / such that a{fi) > for all a £ I. Then the stratum of the 
space of (0, l)-connections on ^o are indexed by points ^ of Atiyah-Bott type of ci(i^o) such 
that /i G Cq. We may incorporate this by adding 

(iv) a{iJ,) > for all a £ I. 

Let C(^o) be the space of all (0, l)-connections defining holomorphic structures on a principal 
C-bundle ^o with ci(.^o) = c G vri(C). As a summary of the above discussion, we have following 
description of the Harder-Narasimhan stratification of C. 

Definition 3.3. Given a point fi £ Cq of Atiyah-Bott type for c, the stratum C C(i^o) is the 
set of all (0, 1)- connections defining holomorphic structures on whose Harder-Narasimhan 
reduction has Atiyah-Bott type equal to ^. The strata are preserved by the action of gauge 
group. The union of these strata over all fj, £ Cq of Atiyah-Bott type for ^o is C(^o)- 

3.4. Atiyah-Bott points for classical groups. In this subsection, we assume 

ni, . . . , Tij. G Z>o, ni + • • • + = n. 

3.4.1. CR = [7(n). G = GL(n, C), and 

= {diag(ti, . . . ,i„) | G M}. 

Let Ci £ \/— 1[)K be defined by tj = 5ij. Then {ei, . . . , Cn} is a basis of V— IflM- Let {^i, . . . , On} 
be the dual basis of (\/— Tfju)^ = HomiR(-v/— Ifj^, M). Then 

iTi{H) = Zei © • • • e Ze„ C V^t)R 

A = {ai = e,- Oi+i I i = 1, . . . , n - 1} C 

A^ = {a( =ei- Ci+i I i = 1, . . . , n - 1} C V^i)R 
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TTi{U{n)) ^ 7ri(GL(n,C)) ^ tti{H)/A ^ Z is generated by ei (mod A). Let c = kei (mod A). 
Then fi satisfies (i)-(iv) in Section [3.31 if and only if 



fi = diagf— 



ni 



ifll ) • • • ! 



rir 



where 



3.4.2. 



where 



1 T ^\ ^\ 

ki, . . . ,kr £j, ki + ■ ■ ■ + kr = k, — > — > • • • > — , 

ni 71-2 rir 

SO{2n + 1). G = S0{2n + 1, C), and 

^/^flM = { V^diag(ti J, . . . , tnJ, Oil) lUeR} 



J 



-1 

1 



Let ei £ V— lf)R be defined by tj = 5ij. Then {ei, . . . , e^} is a basis of ^y—U)M.■ Let {^i, 
be the dual basis of {\/ —li)^.)'^ • Then 



7ri(i/) = Zei 
A = {ai = Oi 



■ • © Ze„ C \/^[)]R 

i+l I i = 1, . . . , n - 1} U {Qn = ^n} C (7^[)r)'^ 



ej+i I i = 1, . . . , n - 1} U {q^ = 2en} C 



7ri(50(2n + 1)) ^ 7ri(S'0(2n + 1,C) ^ Z/2Z is generated by e„ (mod A), c = A;e„ (mod A) 
corresponds to = ^ where k = 0, 1. 

Case 1. Un G I- Then jj. satisfies (i)-(iv) in Section [3.31 if and only if 

/" = \/^diag('— J„i, . . . , —Jn,,OIi 
\ni rir 

where 

fci, . . . , fcr G Z, ki + ■ ■ ■ + kr = k (mod 2Z) 
Case 2. a„ ^ I. Then /i satisfies (i)-(iv) in Section [3.31 if and only if 



ki ^ k2 ^ 
ni 71-2 



> 0. 



rir 



-ldiag( ^Jni, • • • , 3^In,_i,0l2n,+l) 



where 



ki k2 kr-i 
ki,. . . , kr-i G Z, — > — > • • • > 

rii 712 nr-i 



> 0. 



3.4.3. Gu = SO{2n). G = 50(2n, C), and 

V^i)m = {V^diagihJ, tnJ) I t» G M} 

where 

~ V 1 

Let Ci G V— IfjH. be defined by = Jjj. Then {ei, . . . , 6^} is a basis of V— lf)M- Let {^i, 
be the dual basis of (V— lf)R)^- Then 

7ri(F) = Zei © • • • © Ze„ C \/^[)ir 

A = {oi = 0, - I i = 1, . . . , n - 1} U {a„ = + 0„} C {y/^^mf 
= {a^ = ei - ei+i | « = 1, . . . , n - 1} U {a^ = e„_i + e„} C \/^[)r 



1 Gn] 
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7ri(50(2n)) ^ 7ri(50(2n, C)) ^ Z/2Z is generated by e„ (mod A), c = fce„ (mod A) 
sponds to W2 = k where k = 0,1. 

Case 1. a„_i,a„ G /, = 1. Then /i satisfies (i)-(iv) in Section [3131 if and only if 



-Idiagf — J, 



kr—l 



nil ■ ■ ■ 1 



•Jn, — 1 ) k^J 



where 



ki,...,kr£Z, ki + --- + kr = k {mod2Z), > > • • • > 



i > \kr\. 



Case 2. a„_i & I, an ^ I, rir > 1. Then ^ satisfies (i)-(iv) in Section [3.31 if and only if 



-ldiag( — J, 
ni 



"T— 1 



-J, 



rir — 1 1 ■ 



-J' 



where 



ki,...,kr eZ, ki + --- + kr = k (mod 2Z), —> — >•••> — >0. 



Case 3. ^ I, ctn I, Ur > 1. Then ^ satisfies (i)-(iv) in Section [3.31 if and only if 

k\ ^ k>r 



Idiagf— J„i, . . . , — J, 
\ni rir 



where 



ki,...,kr £Z, ki + --- + kr = k (mod 2Z), —> — >•••> — >0. 

ni ?i2 rir 



Case 4. a^-i ^ I, ctn ^ I- Then fi satisfies (i)-(iv) in Section [3.31 if and only if 

= 

where 



■Idiagf— J„^, . . . ,-^^J„,,OJ„^ 
Vni rir-i 



ki, . . . , kr^i S 



ki ^ k2 ^ 
rii 712 



>^>0. 

rir-l 



3.4.4. 



Sp{n). G = Sp{n,C), and 

\/^f)R = {diag(ti,...,t„,-ti,...,-t„) I G M} 



Let ei G \/— IJjk be defined by tj = 5ij. Then {ei, . . . , 6^} is a basis of V— lIlM- Let {^i, . . 
be the dual basis of {\/ —Hjm.)'^ ■ Then 



TTi{H) = Zei 
A = {ai = 9i 



e Ze„ C V^[)R 

.1 M = l,...,n- 1}U{20„} C (^/^f)R)^ 



ei - ej+i I 7 = 1, . . . , n - 1} U {e„} C 
'Ki{Sp{n)) = ■Ki{Sp{n,C)) is trivial. 

Case 1. a„ G /. Then fi satisfies (i)-(iv) in Section [3.31 if and only of 



where 



J- / ^1 r kr ^1 r kr 

fl — diag I , • • • , irir 1 -'ni > • • • ) -fn 

ni rir ni rir 



„ k} ko kr 
ki,...,kreZ, —> — >•••> — >0. 

rii ?i2 n,. 
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Case 2. a„ ^ /. Then satisfies (i)-(iv) of Section [3.31 if and only if 

A* — aiag I In^ 1 ■ ■ ■ 1 -'rir-i i^-^rir -'ni > • • • ! -'n, -! ) ^Jn^ 

Vni ?^r-l '^l '^r-l 



where 



A:i,...,A;^_i G Z, —> — >•••> > 0. 

rii n2 nr-i 



4. Yang-Mills Connections and Representation Varieties 

Let Gm. be a compact connected Lie group, and let P be a C°° principal Gig-bundle over 
a closed (orientable or nonorientable) surface. In |HL4l Section 3], we introduced Yang- Mills 
functional and Yang-Mills connections on closed nonorientable surfaces. 

In this section, we study the connected components of the representation variety of Yang- 
Mills connections. We recover the description of the Morse stratification in terms of Atiyah- 
Bott points for orientable S (Section 14.21) . and determine candidates of Atiyah-Bott points for 
nonorientable S (Section I4.5p . We also discuss and give a closed formula for G]R-equivariant 
rational Poincare series of the representation variety of central Yang- Mills connections (Section 
14. 3p . In Section [4.61 and Section [4.71 we introduce certain twisted representation varieties that 
will arise in Section [5l Section [U and Section [71 and study their connectedness. 



4.1. Representation varieties for Yang-Mills connections. Let A{P) be the space of 
G]R-connections on P, and let M{P) be the space of Yang- Mills connections on P. Let G{P) = 
Aut(P) be the gauge group, and let Go{P) be the base gauge group. Let r]R(S) be the super 
central extension of vri(E) defined in |HL4[ Section 4.1]. 

Theorem 4.1 ( |AB[ Theorem 6.7], |HL4[ Theorem 4.6]). There is a bijective correspondence 
between conjugacy classes of homomorphisms Tr{T,) Gm and gauge equivalence classes of 
Yang-Mills G^- connections over S. In other words, 

\J M{P)/Go{P) ^ Hom(rM(S),GM) 

PGPrinGg(S) 

IJ M{P)/G{P) = Hom(rM(S),GM)/GM 

PePrinGg(S) 

To describe Hom(rK(S), Gk) more explicitly, we introduce some notation. Let Sq be the 
closed, compact, connected, orientable surface with £ > handles. Let be the connected 
sum of Sq and MP^, and let be the connected sum of Sq and a Klein bottle. Any closed, 
compact, connected surface is of the form S^, where £ is a nonnegative integer and i = 0, 1, 2. 

is orientable if and only if i = 0. Let {Gm.)x denote the stabilizer of X of the adjoint 
action of Gu on q^. With the above notation, Hom(r]R(E|), Gk) can be identified with the 
representation variety XyJ^(G'm), where 
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I 

aiM G J|k,&i] = exp(X)} 

i=\ 

^y\a{G^) = {{ai,bi,...,ai,be,c,X) eGM."^^^^ X g^l 

I 

aiA e kd{c)X = -X, JJ[ai,6i] = exp(X)c2} 

i=l 

-'^ym(G'k) = {(ai,^i,---,a^,^£,'i,c,X) G Gk^^+^ X 0K I 

I 

ai,bi,d G (Gm)x, Ad{c)X = -X, JJ[ai,6i] = exp{X)cdc^^d] 

i=l 

The GR-action on ^-^^^[(Gir) is given by 

5 • (ci, . . . ,C2^+i,X) = {gcig^^, . . . , gc2i+ig~^ , Ad{g)X). 

4.2. Connected components of the representation variety for orientable surfaces. 

Gk is connected, so the natural projection 

Xy^iGjn) Xy^(G'r)/Gk 

induces a bijection 

'^o(-'^ym(^r)) ~^ '^o{X^I^{Gm.)/Gm.)- 
Any point in Xy^{G^)/Gm. can be represented by 

(oi,6i, . . .,ai,bi,X) 

where X £ i)^. Such representative is unique if we require that y/—lX is in the closure Gq of 
the fundamental Weyl chamber 

Go = {y G y^flM I a{Y) > 0, Va G R+} = {Y € ^^fjR | a{Y) > 0, Va G A}. 

Given X such that \/—lX G Gq, we want to find the stabilizer (Gk)x of the adjoint action 
of GiR on giR. Let G be the complexification of Gr. We use the notation in Section [3l Let 

Ix = {ae A \ a{y/^X) > 0}. 

Then /x = A if \/—lX G Gq, and Ix is empty if and only if X is in the center jg^. of giR. Let 

Fx = i?+ U {a G i? I Q G span(A - Ix)}- 

The stabilizer of the adjoint action of g on itself is the Levi factor of the parabolic subalgebra 

Px = i)(B 0a. 

We have px = Qx ®ux, where qx and ux are the Levi factor and the nilpotent radical of px, 
respectively. The Lie algebra of Gx is Qx- We conclude that 

(Gm)x = i'^nGK = 4-^. 

Note that 

e 

Xe^ ix, exp{X) =Y\[ai,bi] e {L^^)ss- 
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Let fix = ^'^-X- Then 

fix G ■Ki{H)/K^ix C \^ljix C \/^{)R 

and (/Ux, Ix) is of Atiyah-Bott type for some c € vri(G) = ■ni{G^). 

We now state the condition for X G f^K such that (ai, 61, . . . , a^, 6^, X) G Xy^CCiR) for some 
(ai,6i,... ,a£,b£) G G^^. Given / C A, let Z''^ be the connected component of the identity 
of the center of L^, and let be the center of {L^)ss- Then the Lie algebra for is 3^7. 
Denote 

= {^G |exp(-27rV^/.)GD^}^7ri(zVD^)^7ri(4/(4),,) 
= {neE^ nCo\ aifjL) > iff a G /}. 
Given // G let = —iTTyf—lfi G Suppose that (oi, 61, . . . , a^, 6^, X) G Xy^{G^). 



Then there is a unique pair (/x, I), where / C A and fi G such that X is conjugate to X^. 
Let C 0K denote the conjugacy class of X^, and define 

e 

X^I^{Gr)^ = {{ai,bi, . . . ,ai,be,X) G Gr^^ x C^, | Oj, G (Gr)x, JJK, ^i] = exp(X)}. 



1=1 



Then Xy^(Gir) is a disjoint union of 



Each Xy^(Gk)^ is a union of finitely many connected components of Xy^(Gk). 



{xX(GM)^|MGHi,/C A}. 

nitely many connected compo 
Note that {Gk)x^ = for ^ G H^. We define reduced representation varieties 

e 

(3) V^^^iGu)^ = {(ai, 61, ...,ae, be) G (4)'' I Ht"*' = ^xpC^m)} = ^ym(4)m- 

i=l 

They correspond to the reduction from Gr to the subgroup L^. More precisely, we have a 
homeomorphism 

and a homotopy equivalence 

where X'^'^ denote the homotopic orbit space EG xq X. 

We now recall the formulation in |HL3l Section 2.1]. Let pss ■ {L^)ss — > {L^)ss be the 
universal cover. Then the universal cover of is given by 

P : 4 = X {Li)ss L^, {X,g) ^ expzi{X)pss{9) 
where exp^i : 3^^/ is the exponential map. We have 

^ Keripss), vri(4) = Ker/5 C {-2ttV^E') x ^((L^),,) C 3^/ x (L^),,. 

The map 

p^. :Kerp^H^ {X,g)^^X 
coincides with the surjective group homomorphism 

Pl' ■ ^i(4) 7ri(L4/(Li)ss) 
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under the isomorphisms Kerp = 'Ki{L^) and = Tri{L^/{L^)ss)- 

Define the obstruction map o : V'ym(^k)m ~^ follows. Given a point (oi, 5i, . . . , a^, b£) G 

^ymC^k)/^' choose aj G p~-^(ai), 6j G P"H^j)- Define o(ai, 61, . . . , a^, 6^) = HLiI"*'^*]- ^o^^ 
that this definition does not depend on the choice of Oj,6j. We have o(ai, 61, . . . , a^, 6^) G 

{0} X {LlJss, and 

/Oss(o(ai,6i, . . .,ae,be)) = exp(X^). 

More geometrically, given (oi, 61, . . . , a^, bi) G V>^m(^is.)/x! let P be the underlying topological 
L^-bundle. Then o(ai, bi, . . . ,a£, be) = 02{P) under the identification ■ki{L^ = H'^(T,q; 7ri(L^)). 
It is shown in |HL3j that for £ > 1, o^^{k) is nonempty and connected for all k G pTiifJ-)- We 
conclude that 

Proposition 4.2. For any I Q A and /x G there is a bijection 

Consider the short exact sequence of abelian groups: 

' 7ri((L4)s^) — ^ 7ri(L4) ^ Tri{Ly{L^^)ss) > 

There is a bijection 

Given any (3 G p7/ (/u), there is a bijection 

4.3. Equivariant Poincare series. Given a principal G-bundle .^0 over Sg, let 

= { /i G I is of Atiyah-Bott type for } • 

/CA 

The Harder-Narasimhan stratification of the space C(^o) of (0, l)-connections on ^0 is given by 

c(eo)= U c^(eo). 

Recall that C(^o) is an infinite dimensional complex affine space, and each strata C^(Co) is a 
complex submanifold of complex codimension 

(4) d,= 

«(At)>0,«e-R+ 

Let P be a C°° principal Gig-bundle over Sg such that P G = £,q^ and let .4(P) be 
the space of G]R-connections on P. Then A{P) = C(^o) as infinite dimensional complex affine 
spaces. In [AB], Atiyah and Bott conjectured that the Morse stratification of the Yang- Mills 
functional on A{P) exists and coincides with the Harder-Narasimhan stratification on C(^o) 
under the isomorphism A{P) = C{^q). The conjecture was proved by Daskalopoulos in |Da] . 
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Atiyah and Bott showed that the Harder-Narasimhan stratification is ^(^o)-perfect over Q, 
where ^(^o) = Aut(^o) is the gauge group of ^o- Therefore, 

(5) pf(«°)(C(Co);Q)= E t^'^Pt^^'Hc^mQ)- 

Let A^{P) C A{P) be the Morse stratum corresponding to C^(Co) C C(^o)- It is the 
stable manifold of a connected component J\f^[P) of M[P). Let (Gr)^ = (Gir)x^- Then ji 

and P uniquely determine a topological principal (G]R)^-bundle P^. Let Xy^(Gr)^ denote the 

connected component of Xym(G]r)^ which corresponds to P G PrinGg(SQ), and let V^m(^]r)m" 

denote the connected component of Vym^G^)^ which corresponds to P^ G Vvm^^Q^-^^iYiQ). Then 

^m(G'm)^'' can be identified with the representation variety Vss{P^) of central Yang-Mills 
connections on P^. We have homeomorphisms 

and homotopy equivalences of homotopic orbit spaces: 

Combined with the homotopy equivalence C^(^o)'^^^^°^ ~ we conclude that 

P^^^'\c,mm = Pi^«(X^^(GM)^;Q) = Pf *^^(V;,(P,);Q). 

Remark 4.3. The connectedness of M^{P) implies the connectedness ofVss{Pfi), hut not vise 
versa, because Go{P) is not connected in general. We know C^('^o) connected by results in 
|AB] . and J\f^{P) = M{P) r\ A^{P) is a deformation retract of Afj,{P) = C^(Co) by results in 
[Dal [Raj, so M^{P) is connected. 

Suppose that £ > 2. Then there is a unique fiQ £ such that = 0. Then C^o(^o) = 
Css(Co)) the semi-stable stratum. Let 

AssiP)=A,,{P), Mss{P)=M^oiP), 4o=%\{'"o}- 

Then 

Mss{P)/go{P) = Vss{P). 

The identity ([5|) can be rewritten as 

(6) Pt(5g(P);Q) = Pf«(y,,(P);Q)+ ^ 

where Pt{BQ{P);<Q) is given by Theorem 12.41 This allows one to compute 

Pf«(y,,(P);Q) 

recursively. 

When G = GL{n, C), equivalent inductive procedure was derived by Harder and Narasimhan 
by number theoretic method in [HNj. Zagier provided an explicit closed formula which solves 
the recursion relation for GL(n,C) [Zaj . Laumon and Rapoport found an explicit closed 
formula which solves the recursion relation for general compact G. When Gss is not simply 
connected, the recursion relation [LR|, Theorem 3.2] that they solved is not exactly the recursion 
relation ([6]). The closed formula which solves ([6|) is the following slightly modified version of 
[LR[ Theorem 3.4] (see Appendix El for details): 
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Theorem 4.4. Suppose that = P Xq^G and 

ci(eo) = /iG^i(G) = ^i(i/)/A. 

Then 

P^^{Vss{P)) = 

f2diracU'{l-l) 

Ef_1^dimc 3^7 -dime 3G P.f RC^a- O) - • t4E„ei(Pi'°''>(^"(A')> 

where 

Q^) > for some a ^ I 

Wa{^) G Q/Z, and (x) G Q is t/ie unique representative of the class x £ Q/Z such that 
0<{x) < 1. 

Theorem 14.41 coincides with |LRi Theorem 3.2] when Ggs is simply connected, for example, 
when Gk = U{n), G = GL{n,C). When Gjr = U{n), Theorem 14.41 specializes to the closed 
formula derived by Zagier in |2aj (see \LR\ Section 4] for details): 



■ 1 (i-i^"on?-7^(i-*^^T 

r=l rii, . . . , Ti^ e Z>o 1=1^ ''■'■3 = i ^ ' 

J2nj =n 



Theorem 4.5 ([Za], [LRl Section 4]). 

n 

E "j = " 

,2(^-1) Ei<jriinj ^„ ^, 

Remark 4.6. For n>2, we have 

So Theorem |.^.5| also gives a formula for pf ^^"^ (5C/(n))) . 
Example 4.7. 

pf^^\x'^l{U{2))._.) 

2 



(l-t4)(l_t2)2 'V ^ i_^2 y l_i4 
i'^ + '^f^ ("(1+^3x2^ _^2f-2+4(-|>^ , ^N2^ 



where 



{-k/2) 



1 A; even 
1/2 /c odd 
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So 



and 

Example 4.8. 

(l + t3)2^(l + ^5)2£ (l+t)^^(l+^3)2y^+2 ^ ^)4£^6m 



(l-t2)(l-t4)2(l_i6) (I_t2)2(l_i4)(l_i6) (1 _ ^2)2(1 _ ^4)2 

(1 + t^fl{X + t5)2£(i + ^7)2;? ^ (1 + ^)2£(i + ^3)2£(i ^ i5)2'?t6£+2 



:i - t2)(l _ t4)2(l _ ^6)2(1 _ ^8) (1 _ ^2)2(1 _ ^4)2(1 _ i6)(l _ ^8) 

(1 + i)2£(l + t3)4£^8£ (1 + ^)4£(i + t3)2£^10£ 



+ 



(l-t2)3(l_t4)2(l_i8) (I_t2)3(l_i4)2(l_i6) 
(1 + ^)4^(1 + ^3)2£^10£+2 (l+t)6V2^ 
(1 - t2)3(l _ t4)(i _ ^6)2 (1 _ ^2)3(1 _ ^4)3 



We will use Theorem 14.41 to write down explicit closed formula for S'0(2n + 1), S0{2n), and 
Sp{n) in Section [5T2l Section [6T2l and Section [7^21 respectively. 

4.4. Involution on the Weyl Chamber. Let vr : S — > S be the orientable double cover 
of a closed, compact, connected, nonorientable surface S, and let r : S ^ S be the deck 
transformation. Let P be a principal GR-bundle over S, and let P = tt*P. Then P and 
^0 = P XgrG are topologically trivial. There is an involution fg : P ^ P which covers the 
anti-holomorphic involution r : S ^ S. Under the trivialization P = S x Gr, is given by 
(x,/i) I— > {t{x), s{x)h), where s : S ^ Gr satisfies s(r(x)) = s(x)^-'^ (see |HL41 Section 3.2] for 
details) . 

Let A{P) and A{P) denote the space of GiR-connections on P and on P respectively, and 
let C(.^o) be the space of (0, l)-connections on the principal G-bundle ^o- Then fg induces an 
involution f* : A{P) A{P). Since P and are topologically trivial, we may identify A{P) 
with and identify C(Co) with n°^\t,g). Let j : ^ f^°'ns,0) be defined 

as in the first paragraph of Section [3l Given X = Xi + \/—lX2 £ 0, where Xi,X2 S Qr, 
define X = Xi — \/—lX2; given X : T, ^ g, define X : T, ^ g hj x t-^ X[x). Then 
j o f* o j-i : C{Co) C(^o) is given by 



X (2)6^^ Ad{s)T*X (E)T*B 

where X G Q^{T,,g) and 6 £ Q^'^{T,). From now on, we denote j o f* o j^^ by f*. We have 
isomorphisms of real affine spaces A{P) = A{PY' = C(^o)^° • 

We will define an involution r' on the positive Weyl chamber Go such that f*C^ = C^/^^-j, 
where € Go is of Atiyah-Bott type for ^o and is the associated stratum in C(^o)- 

The set 

-Go = {-Y\Ye Go} c 
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is another Weyl chamber. There is a unique element w in the Weyl group W such that 
w • Co = —Cq. We have w"^ • Cq = Cq, so w'^ = id^^jf^^. Define r' : \/—lt)M. — *■ \/— lf)M by 
X w ■ {—X). Recall that r induces an involution on the symmetric representation variety 
which maps X G 0k to —Ad{c)X £ giR (see |HL4t Section 4.5]). Given Y £ Cq, t'{Y) is the 
unique vector in Cq which is in the orbit G ■ {—Y) = G ■ (— Ad(c)(y)) of the adjoint action 
of G on 0. Thus r' is induced by the involution r on the symmetric representation variety. 
To simplify notation, from now on we will write r instead of t' . Obviously t{Cq) = Cq. 
Given Y £ Cq, t{Y) = y if and only if Y £ Cq is conjugate to —Y. In this case, we have 
Ad(e)y = -Y, where e £ N{Hk) C Gr represents w £ W = N{Hu)/Hu. 

To demonstrate the above discussion, we list some examples of classical Lie groups. 



Example 4.9. Let Gr 

Co 
-Co 



U{n). then 

-- {diag(tl, . . . ,tn) \ ti, . . . ,tn £ R,ti > ■ ■ ■ > tn} 

-- {diag(wi, . . . ,?;„) \ vi, . . . ,Vn £ R,vi < ■ ■ ■ < v^} 



There exists a unique w inW = S{n) , the symmetric group, such that w{Co) = —Co- In fact, 
w ■ diag(ii, . . . ,tn) = diag(i„, . . . ,ti) is the action of such w on V— lf)M- Thus, the involution 



t(Y) defined as w ■ {—Y) gives us r(diag(ti, . . . , = diag( 
to —Y (i.e. t{Y) = Y) if and only if {ti, . . . , tn) = {—tn, ■ ■ ■ ■ 
ifY is of the form diag(t>i, . . . ,Vk,0, ■ ■ ■ ,0, -Vk, ■ ■ ■ , -vi). 

Example 4.10. Let Cr = S0{2n + 1). then 



tn, ■ ■ ■ , —ti), and Y is conjugate 
-ti), or equivalently, if and only 



Co 
-Co 



-ldiag(tiJ,...,t„J,0/i) I ti > • 
-ldiag(t;i J, . . . , VnJ, OIi) | vi < 



>tn> 0}, 

■<Vn< 0}, 



where 



J 



-1 





1 

The unique w in W = G{n), the wreath product of by S{n), that maps Co to —Co, acts as 
w ■ V — ldiag(fi J, . . . , tnJ, Oil) = -v/^diag(— J, . . . , —tnJ, O/i). Thus r : \/— \/— Tf)iR is 
the identity map. Any Y £ Co is conjugate to the negative of itself. Let 

1 
-1 



H 



and let i/„ = diag(i7, . . . , H). The element 



e = diag(i7„, (-1)") £ SO{2n + 1) 
satisfies Ad(e)y = —Y for all Y £ \/— lf)R ctnd = e. 
Example 4.11. Let Gr = S0{2n). Then 

Co = {V^diag(tiJ,...,t„J) I ti > ••• >| t„ |> 0}, 

-Co = {\/^diag(t'i J, . . . ,friJ) I < • • • < - I Urt |< 0}. 

The unique w inW = SG{n), the subgroup of G{n) consisting of even permutations, that maps 
Co to —Co, belongs to the Z2 part of SG{n), and 

w ■ \^diag(ti J, . . . , tnJ) = \/^diag(-ti J, . . . , -tn-iJ, (-1)"~4„ J). 

Thus 

T (\/^diag(ti J, . . . , tnJ)) = \/^diag(ti J, . . . , J, (-l)"t„ J) 
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If n is even, then any Y G Cq in conjugate to the negative of itself. If n is odd, then Y € Co 
is conjugate to —Y if and only if Y is of the form V— ldiag(ii J, . . . , tn-iJ, 0). Define 

f Hn rt^/r. \ -c ■ even 

e=S J- T\ & SO(2n) if n is 

[ diag(iJ„_i,/2) ^ ^ odd 

Then e satisfies Ad(e)y = —Y for all Y G \/~lf)R ciiT'd = e. 

Example 4.12. Let Gr = Sp{n). Then 

Co = {diag(ti, . . . -ti, . . . , -t„) I ti > • • ■ > ^„ > 0}, 
-Co = {diag(vi, . . . -vi, . . . , -i;„) I -ui < • • • < f„ < 0}. 

the unique w in W = G{n), the wreath product of Z2 by S{n), that maps Cq to —Cq, acts as 
■ii;-diag(ti, ...,tn, -ti, -tn)_ = diag(-ti, . . . , -t„,ti, . . Thus t : A/^f)R a/^{)r is 

the identity map, and any Y E Cq is conjugate to the negative of itself just as in the SO{2n+l) 
case. The element 

satisfies Ad{e)Y = —Y for all Y G i/^{)r but ^ e. Indeed, let e be any element that 
satisfies Ad(e)y = —Y for all Y G \/— Then we must have e = eu for some u in the 
maximal torus, and it is straightforward to check that = — e. 

4.5. Connected components of the representation variety for nonorientable sur- 
faces. Gk is connected, so the natural projection 

induces a bijection 

^o(-'^ym(^ir)) ~^ 7'"o(-'^ym(^r))/^r)- 
Any point in ^ym(^k)/Cm can be represented uniquely by 

(ai,6i, . . .,ai,be,c,X) 

where X G Co. Moreover, we must have X G C^. Similarly, any point in XyIj^{Gm) / G-r can 
be represented uniquely by 

(ai,6i, . . .,ai,bi,d, c,X) 

where X E Cq. 

Recall that r is an M- linear map from to ^/^^}R. Its dual r* is an M-linear map 

from (\/ — lf)R)^ to (\/— This r* preserves A, the set of simple roots, and restricts to an 
involution on it. To simplify notation, we will also denote this involution by r. Given / C A 
such that r(I) = /, let 

(EiY = {neEi\ r(/x) = m} 

Suppose that (ai, 61, . . . , a^, be, c, X) G XyI^^Gm)- Then there is a unique pair {fi, I), where 
7 C A, r{I) = I, and /U G (H;'^)'^, such that X is conjugate to = —2^T^/^f^. Given 
H G C^^-Y, where / C A and t(/) = /, define 

X^l^{GM)^^ = {(ai, 61, ...,ae, be, c, X) G Gr2^+^ x C^/2 | 

e 

ai,6i, ...,ae,beG (Gr)x, Ad(c)X = -X, JJ[ai,fej] = exp(X)c^} 

i=l 
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Where is the conjugacy class of We define Xy^^(G'm)^ similarly. For i = 1,2, 

XyJ^(Gk) is a disjoint union of 

{X^^(GmV I ^ e (Sir, / C A,r(/) = /}. 

When Gk = U{n), i> 1, each XyJ^(G]r)^ is nonempty and has one or two connected compo- 
nents (see |HL4l Section 7]). We will see later that XyJ^^(Gir)^ can be empty for other classical 
groups (Section 15.31 Section [6T3l Section [67il and Section rTSj) . When XyJ^(Gr)^ is nonempty, 
it is a union of finitely many connected components of XyJ^^(Gir). 

The reduction of XyJ^(G]k)^ is more complicated because c is not in Gx- To do the reduction, 
we fix some e E Gr such that the involution on Go is given by X i-^ — Ad(e)X. Thus Ad(e)X = 
—X if X is fixed by the involution. For any /i G (H^)"^, where r(/) = /, we define e-reduced 
representation varieties 

i^) ^ym('^r)m = • • ■,ae,bi,c) G (L^)^^"^^ | JJ[ai,&i] = exp(^)ec'ec'} 

i=l 

^ X 

(8) v4'^iGR)^ = {iai,h,---,aiM,d,c') € (4)''+' I Ht"*' = e^P(^)^c'^(ec')~'4 

i=l 

For i = 1, 2, L4 acts on Vym(Gk)^ by 

5- (ci,...,C2f+i) = igcig"^, . . . ,gc2i+i-ig'^,€'^gec2i+ig^^). 
Recall that Ad(e)(X^) = —X^ and = (Gr)^^- So we have a homeomorphism 

XyI^{Gm)^j./Gr = VyI^{Gm)ii/L^ 
and a homotopy equivalence between homotopic orbit spaces: 

When Gr = U{n), I^m(Gr)^ can be viewed as a product of representation varieties for 
U{m) (m < n) of and of its double cover Sq^^*~^ (see |HL41 Section 7]. This is not the case 
for other classical groups. We will see in Section [5T3l Section [6T3l Section WM. and Section [7l3] 
that when Gr = SO{n) or Sp{n), V^m(Gk)^ is a product of twisted representation varieties 
defined in Section 14.61 and Section 14.71 below. 

4.6. Twisted representation varieties: U{n). Given n. A: G Z, n > 0, define twisted repre- 
sentation varieties 

I 

(9) V^l = {(ai,6i,...,a,,6,,c) G U{nf'+^ \ \{[a,M\ = e'^^^'^'^ InCc] 

1=1 

e 

(10) Kl = {(ai, 6i, . . . , a,, be, d, c) G U{nf'+^ \ JJk, h] = e-^^^'/^Incdc-^d} 

i=l 

where c is the complex conjugate of c. In particular, 
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For i = l,2, U{n) acts on F^'* by 

(11) g ■ (ai,6i, . . .,ae,be,c) = {gaig~^ , gbig"^ , . . . , gaeg~^ , gbeg~'^ , gcg~^) 

(12) g- {ai,bi,...,ae,be,d,c) = {gaig'\ gbig~'^ , . . . , gaeg'^ , gbeg'^ , gdg~^ ,gcg~'^) 
We will show that 

Proposition 4.13. V^'^. is nonempty and connected for £ >2i. 

Proof for 1 = 1. For any (ai, 6i, ...,ae, be, c) G V^'l, we have 

det(ai) = e^^\ det(6i) = e^'^% det(c) = 
Define p : [0, 1] ^ [/(n)2^+^ by 

P{t) = (e-^*^i/"ai, e-^*^i/"6i, . . . , e-^*^^/"a£, e'^^'^^/'^b^, e-^*^/"c). 
Then the image of /? Ues in t^J'^, /3(0) = (ai, 6i, . . . , a^, 6^, c), and 

= {(ai,6i,...,a,,6,,c)G5C/(n)2^+i| 



So it suffices to show that VF^'^ is nonempty and connected. 

Define vr : W'^'l SU{n) by (ai, 6i, . . . , a£, c) c. Then vr ^(c) is nonempty and 
connected for any c G SU{n). It remains to show that for any c G SU{n), there is a path 
7 : [0, 1] W^'l such that 7(0) G 7r~^ie) and 7(1) G 7r"^(c). 

Let r be the maximal torus which consists of diagonal matrices in SU{n). For any c G 
SU{n), there exist 5 G SU{n) such that g~^cg G T. We have 

c = 5expC5~S c = 5exp(-^)5-^ 

for some ^ G t. Let 

Co = -27rx/^-diag(7n_i, (1 - n)h) G t. 

n 

Then exp(Co) = e~^'^^'^^/"'/„. Let u; be the coxeter element and a be the corresponding 
element in SU{n). There are rio,r) e t such that 

• % - % = Co, a; • ?7 - 77 = C- 
Let a G iV(r) represent a; G = N{T)/T. Then 

a exp(77o - tr?)a"^ exp(-r?o + t?7) = exp(u; • (% - i??) - (% - i^)) 

= exp(Co-iC) 

= 6-2'^^'=/" exp(-tC) 

aexp(tr7)a~^ exp(— fr?) = exp(a; ■ (tr;) — tr/) = exp(tC)- 

Now since SU{n) is connected, there are paths g : [0, 1] SU{n) such that ^(0) = e and 
g{l) = g. Now define 7 : [0, 1] ^ S[/(n)2^+^ by 

7(0 = (ai (0 , 61 {t) , a2 {t) , 62 (t) , e, . . . , e, c(t)) 
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where 

a2{t) = git)am'\ Ht) = 9{t) eMtriMt)'^ 

Then 

[ai(t),6i(t)] = e-^-^'^/-^, [a2{t),b2{t)] = c(t), 
so the image of 7 hes in W^']^. We have 

7(0) = (a,exp(?7o),a,e,e, ... ,e,e,e) G 7r"^(e) 

7(1) = {9a9~^,9e^p{i]o-i])g~^,gag~^,gexp{r])g~^,e,--- ,e,c) eTr~^{c). 

" £ "2 

Proof for 1 = 2. For any (ai, 61, . . . , a^, 6^, d, c) G V^'j., we have 

det(ai) = e^^S det(6i) = 6^"^% det(c) = det(d) = e^'^. 

Define /3 : [0, 1] ^ U{nf^+'^ by 

^(t) = (e-^*^i/"ai, e-^*'^i/"6i, . . . , 

e-^*^^/"a£, e-^*'^^/"6^, 6-^*"^/"^, e-^*^/"c). 

Then the image of (3 lies in V^'^, /3(0) = (ai, bi, . . . ,ae,be,d,c), and 



□ 



£ 2 

So it suffices to show that W^'j^ is nonempty and connected. 

Define TT : VK„ f ^ ^[/(n)^ by (ai, 61, . . . , a£, 6^, d, c) ^ (d, c). Then vr ^(d, c) is nonempty 
and connected for any (d, c) G SU{n)'^. It remains to show tliat for any (d, c) G SU{n)'^, there 
is a path 7 : [0, 1] ^ W^'^f, such that 7(0) G Tr~^{e, e) and 7(1) G 7r-^(d, c). 

Let T be the maximal torus which consists of diagonal matrices in SU (n) . For any c,d E 
SU{n), there exist 51,52 € SU{n) such that g^^cgi,g^^dg2 G T. We have 

c = 5iexp^i5f\ c = 5iexp(-^i)5f\ d = 52 exp^252"^ = 52 exp(-^2)52"^ 
for some ^1)^2 € t- Let 

Co = -27rV^^diag(/„_i, (1 - n)h) G t. 

Then exp(Co) = e~^'^^^~^'^/"7„. Let a; be the coxeter element and a be the corresponding 
element in SU{n). There are rio,r)i,r)2 G t such that 

^■Vj-Vj = ^j, j = 0,l,2. 
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Let a e N{T) represent ueW = N{T)/T. Then 

aexp(77o-t??i)o~'^exp(-77o + tr/i) = exp(a; • (770 - tr?i) - (770 - 

= exp(^o-i6) 

= e-2^^'^/"exp(-ta) 
aexp(— tryi)a~^ exp(t?7i) = exp(a; • {—trji) + trfi) = exp(— i^i) 
aexp(— t?72)a~^ exp(i?72) = exp(a; • (-try2) + i??2) = exp(-t^2)- 

Now since SU{n) is connected, there are paths 51,52 '■ [0,1] — > SU{n) such that 5j(0) = e 
and gj{l) = gj for j = 1, 2. Now define 7 : [0, 1] ^ S'f/(n)2^+2 by 

7(i) = (ai (t) , 5i ) , 02 (t) , 62 (i) , as (t) , 63 (i) , 04 (i) , 64 (*) , e, . . . , e, , c(i ) ) 

where 

= 9i{t)a (51(0) > = 9iit) exp(r?o - (51 

a2(t) = (M)) , hit) = M^exp{-tm) (W)) 

a4{t) = g2{t)a ihit))'^ , b4{t) = g2{t) exp(tr?2) [hit))'^ 
c{t) = gi{t)exp{tCi)gi{t)-\ d{t) = 52 W exp(t^2)52(i)"' 

Then 

[ai(i), hit)] = 6-2-^*=/"^, [a2{t), b2{t)] = 

[«3(i), 63(t)] = [a4(t), b4{t)] = d(t). 

2 

so the image of 7 hes in W^'^.. We have 

7(0) = (a,exp(77o),a,e,a,e,a,e,e, . . . ,e,e,e) G 7r~^(e,e) 

7(1) = (5ra5r~\5rexp(?7o - r/i)5r~\5^a5^~\5iexp(-?72)52~\ 

5r«5r~\5rexp(r7i)5r~\52a52"\52exp(r72)52"\e, ...,e,(i,c) G 7r~^(d,c). 

□ 

4.7. Twisted representation varieties: SO{n). Let 

0(n)± = {A G 0(n) I det(yl) = ±1}. 

Then 0(n)+ and 0(n)_ are the two connected components of 0(n), where 0(n)+ = 50(n). 
For n > 2, define 

e 

i=l 

(14) ^of„),±i = {(ai' • • • ' be, d, c) G 50(n)2^+i x 0(n)± | J][a„ 6^] = cdc'^d} 

i=l 

Note that Voln) +1 ~ "'^flat('^^('^))- R-ecall that X^lt^{SO{n)) has two connected components 
x'^l,{SO{n))+' and 4f,(SO(n))-i. 
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For i = 1,2, SO{n) acts on ^oln) ±i 

(15) g • (ai,6i, . . .,ai,be,c) = {gaig^^ , gbig'^ , . . . , gaeg'^ , gbgg'^ , gcg~^) 

(16) g- {ai,bi,.. .,ae,bi,d,c) = {gaig^^ , gbig'^ , . . . , gaeg^'^ , gbeg^'^ , gdg'^ , gcg'^) 
When 71 = 2, we have diffeomorphisms 0(2)+ = 0(2)_ = U{1), and diffeomorphisms 

where i = 1, 2. For any d € S0{2) and c G 0(2)_, we have 

(? = I2, cdc~^d = l2, 

so 

^o'{2),-i = {{ai,bi,...,ae,be,c)eS0i2f' xOi2)_\l2 = c'} 

= 50(2)2^x0(2)^, 
^0(2),-i = {(ai,&i,---,«^,^£,d,c) G 50(2)2^+1 X 0(2)_ I l2 = cdc-'d} 

= 50(2)2^+1 X 0(2)_. 

For i = 1, 2, Vq^2) -1 is diffeomorphic to U{1)'^^~^\ thus nonempty and connected. 

Prom now on, we assume that n > 3 so that SO{n) is semisimple. Let p : Pin{n) 0{n) 
be the double cover defined in ]SD\ Chapter I, Section 6], and let Pin{n)± = p~^{0{n)±). 
Then Pin{n)^ and Pin{n)^ are the two connected components of Pin{n), where Pin{n)^ = 
Spin{n). Note that Pin{n)- is not a group because if E Pin{n)- then xy G Pin{n)^. 

Recall that there is an obstruction map 



02 : V^f. , , = 4al(50(n)) ^ Ker(p) = {1, -1} C Spzn{n) 



given by 



(ai, 61, . . . , Ui, bi, c) ^ fj[ai, bi]c 



i=l 

,2£+l . C™„/„^2£+l 



where (ai, 61, . . . , di, bi, c) is the preimage of (ai, 61, ... , ai, bi, c) under p + : Spin{ny 
SO{nf'^~^^ . It is easy to check that 02 does not depend on the choice of the liftings (ai, 61, . . . , a^, bi, c) 
because 2Ker(/3) = {1}. Similarly, there is an obstruction map 02 : '^oin) +1 ~ "'^flft('^^('^)) 
{1, -1} given by 



(01,61, . . . ,a^,6^,d,c) JJ[oj,6i](c(ic y) ^ 



l2^+2 



where (ai, 61, . . . , 0£, 6^, d, c) is the preimage of (oi, 61, . . . , 0£, 6^, d, c) under p^^^^ : Spi 
SO{nf'^~^'^ . Again, 02 does not depend on the choice of a^, bi, d, c. 

For ^ = 1,2, define F^'g!,, = X^^,(50(n))±i = (.^-^(±1). Then y^'^;};^, = X^^,(50(n))+i 
corresponds to flat connections on the trivial SO(n)-bundle {w2 = G f/'2(S^;Z/2Z) = Z/2Z), 
while V"q^*^^ = Xg^*^.(50(n))~-^ corresponds to flat connections on the nontrivial SO{n)- 

bundle {w2 = 1 £ H'^{^i;Z/2Z) ^ Z/2Z). It was proved in [HL2] that Xgf^(5'0(n))+i and 
XQ^^{SO{n))~^ are nonempty and connected if ^ > f, i.e., {£, i) 7^ (0, 1), (0, 2), (1, 2). The result 
is extended to the case (1, 2) in |HL4| . 
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We now extend the definition of 02 to Vo{n) -i" ^^^^^^^ ^2 : Vo(n) -1 ~^ Spin{n) 

by 

{ai,bi,...,ae,be,c) h^- JJ[ai, 6i]c~^ 

i=l 

where {ai,bi, . . . ,ae,be,c) is the preimage of {ai,bi, . . . ,ae,be,c) under p^^^^ : Spin{n)^^ x 
Pm(n)_ ^ SO{nf^ x 0(n)_. It is easy to check that 02 does not depend on the choice of 
(ai, 61, . . . , a^, 6^, c). Similarly, define 02 : ^o'(n) -1 ^ i^' "^i ^ Spin{n) by 

(ai,6i, . . .,ai,bi,d,c) JJ[ai, 6j](c(lc~-^d)~-^ 

i=l 

where (ai, 61, . . . , a£, 6^, d, c) is the preimage of (ai, bi, . . . ,a£, bi, d, c) under p^^"*"^ : Spin{nY^~^^ x 
Pin{n)- SO{rif'^^^xO{n)_. Again, 02 does not depend on the choice of (ai, 61, . . . , a^, 6^, d, c). 
Define Voin)l-i = ^2 ^(±1)- We wih show that 

Proposition 4.14. Suppose that t > 2i, where i = 1,2, and n > 3. Then Vo'ln)^-! ^'^'^ 
yo'lri)^-! '^^^ nonempty and connected. 
Proof. Define 

^Pi^n)- = {{o-iM, ■■■,ae, h, c) G Spin{nf^ x Pin{n)- \ JJ[di, 6i]c"^ = ±1} 

i=l 

^pfnfn)- = ^1) • • • ) c) G S'pm(n)^^+^ x Pin{n)- \ 

e 

l[[ai,bi]{cdc-^d)-'' =±1} 

i=l 

Then : Spin{n)'^^^'^^^ x Pin{n)^ SO{nY^^'^^^ x 0(n)_ restricts to a covering map 

^Pin{n) ~^ "''^ Suffices to prove that Vpl^^-^ and Vp-^^-^ are nonempty and con- 

nected for £ >2i. 

1 = 1. Define 7r± : Vpf^l^j^-^ Pin{n)- by (ai, 61, . . . , a^, 6^, c) 1— > c. Note that Spin(n) 

is simply connected and (?,—(? G Spin{n), so Tr^^{c) is nonempty and connected for any 
c G Pin{n)-. Let e-|_ = 616263, and let e_ = 61. Then e+,e_ G Pin{n)^, and (e±)^ = ±1. 
It suffices to show that for any c G Pin{n)-, there is a path 7-1- : [0, 1] — > ^^^^j) such that 

7±(0) G 7r±H€±) and 7±(1) G 7:±\c). 

Let T be the maximal torus of Spin{n), and let t be the Lie algebra of T. For any c G 
Pin{n)-, we have (e±)'~-'^c G Spin{n), so there exists 5± G Spin{n) such that {g±)~^{e±)~^cg± G 
T. We have 

c = e±5r± exp(^±)(c/±)"^ 
for some £,+,£,- G t. Let u be the coxeter element. There arc f]+,ri- G t such that 

Let a G A''(r) C Spin{n) be the corresponding element which represents u & W = N{T)/T. 
Then 

aexp(t7y±)a~^ exp(— try^) = exp(a; • tr]± — t?7±) = exp(t^±). 
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Now since Spin{n) is connected, there arc paths g± : [0, 1] Spin{n) such that 5±(0) = 1 
and 5±(1) = g±- Now define 7 : [0, 1] Spin{n)'^^ x Pin{n)- by 

l±{t) = {af{t),bf{t),ai{t),bi{t),l,...,l,c^{t)) 

where 

af{t) = e±g±{t)a{e±g±{t))~^ , bf{t) = €±g±{t) exp{tri±){€±g±{t))''^ , 
afit) = g±it)a{g±{t)r\ 6±(t) = g±{t)exp{tri±)ig±it))-\ 
c^{t) = e±g±{t)exp{t^±){g±{t))-^ 

Then 

[afit),bfit)] = e±5±(t)[a,exp(t77±)](e±5±(l))-i 

= e±ff±(i)exp(te±)(e±ff±(t))-' = c{t){e^^) = c(t)(±e±), 
[afit),bf{t)] = 5±(i)[«,exp(tr?±)](5±(l))-i = 5±(i) exp(t^±)(5±(i))-i = e^'cit), 

so the image of 7± hes in Vpf^"^^ . We have 

7±(0) = (e±ae±\l,a, 1,1,... ,l,e±) G 7r±\e±) 

7±(1) = (e±5±a(e±5±)~\ e±5± exv{r)±){e±g±)~^ , g±a{g±)~^ , g± exp{i]±){g±)~^ , 
l,...,l,c) G7r±^(c). 

i = 2. Define tt± : Vpf^^^-^ Spin{n) x Pin{n)- by (ai, 61, . . . , a^, 6£, J, c) 1-^ (c^, c). Note 
that Spin{n) is simply connected and cdc~^d, —cdcT^d G Spin{n), so 7r^^(d, c) is nonempty 
and connected for any (d, c) G Spin{n) x Pin{n)-. Let e+ = 1, and let e_ = 6263. Then 
eie±e]^^e± = e^^e±eie± = ±1. It suffices to show that for any (d, c) G Spin{n) x Pin{n)-, 
there is a path 7-1- : [0, 1] ^ ^pfn{n) such that 7±(0) G TT^^{e±, ei) and 7(1) G TT^^{d, c). 

Let T be the maximal torus of Spin{n), and let t be the Lie algebra of T. Given d G Spin(n) 
and c G Pin{n)-, there exist g^,g-,g G Spin{n) such that and G t such that 

c = ei5exp(^)5"\J= e±5±exp(^±)(5±)"^ 

Let a; be the coxeter element. There are r),r)+,r)- G t such that 

(^■V-V = ^, w • 77± - ?7± = 

Let a G A''(r) c Spin{n) be the corresponding element which represents a; G = N(T)/T. 
Then 

aexp(t?7)a~^ exp(— ir/) = exp(a; • try — try) = exp(t^), 
aexp{tri±)a~^ exp{—ti]±) = exp(a; • tri± — tri±) = exp{t^±). 

Now since Spin{n) is connected, there arc paths g,g^,g^ : [0, 1] Spin(n) such that 

5(0)=5+(0)=5_(0) = l, 5(1) =5, 5±(1)=5±- 

Now define 7 : [0, 1] — Spinijif'^^^ x Pin{n)- by 

7± (t ) = (ai (t ) , 61 (t ) , af (t) , 6f (t) , af (t ) , 6f (t ) , a± (t) , 6± (t) , 1 , . . . , 1 , d± (t) , c(t) ) 
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where 



ai{t) = eig{t)a{eig{t))~'^ , bi{t) = eig{t) exp(tr/)(ei^(t))"\ 

af (t) = eie±g±{t)a{eie±g±{t)y\ b^it) = ei€±g±it) cxp(tr/±)(eie±ff±(i))"\ 

af{t) = eie±g{t)a{eie±g{t))~^ , b^{t) = eie±g{t) eyip{-tr]){eie±g{t))~'^ , 

aiit) = 9±{t)a~g±{t)-\ bf{t) = g±{t) exp(tr/±)5±(t)-\ 

c{t) = eig{t)eMt09{t)~\ d^{t) = e±g±{t) exp{tC±)g±{t)-\ 



Then 



[ai{t),bi{t)] = ei5(t)[a,cxp(t??)](ei5(t))-i = c{t)e^\ 
[a^(t),6f (t)] = eie±g±{t)[a,cxp{tri±)]{eie±g±it))~'^ = eid(t)(eie±)"^ 
[4it)^bf{t)] = eie±5(t)[a,cxp(-tr/)]g(t)-i(eie±)-i = eie±c{t)-\±e±) , 
[at{t),bf{t)] = g±{t)[a,exp{t7j±)]{g±{t))-^ = e^^d{t), 

so the image of -f± lies in VpV^^^ . We have 

{eiae^^,l, eie±a(eie±)~\ 1, eie±a(eie±)~\ 1, a, 1, 1, . 



7±(0) 
7±(1) 



,l,e±,ei) 



G vr; 



{eiga{eigy^ , eig ex.p{r]){eigy^ , eie±g±a{eie±g±)~'^ , 

eie±g± exp{r]±){eie±g±)~'^,eie±ga{eie±gy'^,eiej^gexp{-r}){eie±g)~'^, 

9±a9±^, 5±exp(r?±)5±\ 1, . . . , 1, J, c) € 7r±^(J, c) 



□ 



5. Yang-Mills SO{2n + 1)-Connections 
The maximal torus of SO{2n + 1) consists of block diagonal matrices of the form 

diag(Ai, . . .,An,Ii), 

where Ai, . . . ,Aji e SO{2), and Ji is the 1x1 identity matrix. The Lie algebra of the maximal 
torus consists of matrices of the form 

/ 

h 



27rdiag(ti J, . . . , tnJ, Oh) = 27r 

















V 





tn 



tfl 










-1 

1 



where 

(17) J 

The fundamental Weyl chamber is 

Co = {\/^diag(ti J, . . 
In this section, we assume 

ni, . . . ,nr G Z>o, ni + 



,tnJ,0Il)\ti>t2>--->tn>0}. 



+ rir 



n. 
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5.1. SO{2n + l)-connections on orientable surfaces. Let Jm denote the 2m x 2m matrix 
diag(J, . . . , J). Any ^ £ Cq is of the form 



-ldiag(AiJ„i, . . . , XrJnr,OI\ 



where Ai > • • • > A,. > 0. 
Let = —2'K\J—1^. Then 



anOr. ^ n ^ / ^(^(^i)) X • • • X ^iU{nr)), K > 0, 

;^U[zn + i)x, - I ^u{ni)) x • • • x $(J7K_i)) x 50(2n, + 1), A, = 0, 

where ^ : U{m) ^ S0{2m) is the standard embedding defined as follows. Consider the 
M-linear map L : M^'" C" given by 



/ ^1 \ 

yi 

\ Vm J 



\ Xm + V^y n 



We have L ^ o o L{v) = JmV for v G M^™. If ^ is a m x m matrix, let be the 

2m X 2m matrix defined by 

(18) L-'^ o AoL{v) = ^{A){v), weM^'". 

Note that A{^/^Im) = {^/^Im)^ =^ Jm^iA) = <S>{A)Jm. 

Suppose that {ai,bi, . . . ,ae,be,X^) XY^{S0{2n + 1)). Then 



exp(X^) = JJ[ai,6i] 



i=l 



where Cj, bi G SO{2n + l)x^- This implies that exp(X^) € {SO{2n + l)x^)ss, the semisimple 
part of SO{2n + l)x/- 



{SO{2n + l)x,)ss 



Thus 



X„ 



^{SU{ni)) X ■■■ X ^{SU{nr)), A^ > 0, 

$(5?7(ni)) X • • • X x 50(2n^ + 1), A^ = 0. 

Jnj, . . . , — J„^,OIi ), 

ni nr / 



— 1 f k\ 

-Idiag Jni, . . . , — Jn^, O/l 

Vni no- 



where 



ni 



This agrees with Section [3.4.21 

Recall that for each /i, the representation variety is 



V^'^{SO{2n + l))^ = {{aiM,---.a,M) e (50(2n + i; 



\2£ 



Y\[ai,bi\ = exp(X^)}. 
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For i = 1, • • • , write 

Oi = diag{A\, A\, h), hi = d\ag{B\, ...,Bl, h), when kr > 0, 
ai = diag{A\, AD, 6j = diag(i?{, . . . , i?*), when fc^ = 0, 

where Aj, Bj e ^{U{nj)) for j = 1, . . . , r - 1, and 

^{U{nr)), when kr > 0, 
SO{2nr + 1), when kr = 0. 



A^ , Brr G 

Let 



T -^T\ f cos(27rt) - sm(27rt) \ 

J, = exp(2vrt J) = ^ ^.^^^vrt) cos(2^t) J ' 

and let 

(19) Tn,k = $(e2-v^'=/"/„) = diag(Jfc/,, . . . , 4/J G S0{2n). 

^ V ' 

n 

For j = 1, . . . , r — 1, define 

i 

V, = {{A],Bl...,A'^,B'^)e HU{nj)r I H^^^' ^] = ^.•'^J 

2 = 1 

^ {iA],B],...,A^,B^) G U{n,r I fli^' ^j] = e'^^'^/"^-^.)} 

i=l 



If fe, > 0, define V,. hy If K = 0, define 

= {(Aj, S,^ . . . , Ai, Bi) G 50(2n, + if \ J] [4, S^] = hr^^+^] 



i=l 



xZ{SO{2nr + l)). 



Then T/,^'j^(50(2n + = ni=i We have a homeomorphism 



y^'°(50(2n + l)V50(2n + l)x, 



and a homotopy equivalence 



n(v,/c/K)), > 0, 



r-l 



JJ(yj/C/(nj)) X Vr/S0{2nr + 1) 



V^^{SO{2n + 1)), ~ |^^,„, ^ ^^,,o(2n„+i)^ ^ o_ 

Notation 5.1. Suppose that m > 3. Let T, be a closed, orientable or nonorientable surface. 
Let -P^^^-) o-nd PgQf^^-^ denote the principal SO{m)-bundle on S with 'W2{P^q(^^-^) = and 
'^'ii^so{m)^ ~ ^ respectively in H'^{Y,;Z/2Z) = Z/2Z. Let J\f{T,)^^^^-^ denote the space of 
Yang-Mills connections on P^q( \, and let M^iJ^^Q, n denote the space of flat connections on 



SO{m)' """" ""-"'^^y^lSOim) 

SO{m)- 
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For i = 0, 1, 2, we have 

x'^l,{SO{m)) = X^l{SO{m))+' U X^l,{SO{m)r' 

where 
and 

x'^:,{SO{m)) = x'^l,{SO{m)y' U x'^:,{SO{m))-' 

where 

is nonempty and connected for £ > 1. Let 

X^l,{SO{m))^' = X^l,{SO{m)), n X^l{SO{m))^' 
be the representation varieties for Yang-Mills connections of type fi on P^q^^^-^ ■ Let 

•^(S.^50m) =4at(50(m))±V50M 
he the moduli space of gauge equivalence classes of flat connections on P^o{m) ^^^^ ^' 

Mi^lP-''^) = X^liUin)),_./U{n) 

be the moduli space of gauge equivalence classes of central Yang-Mills connections on a degree 
k principal U(n)-bundle over Sq. Recall that there is no fiat connection on a degree k ^ Q 
principal U{n)-hundle over Sq. 

We have seen that VY^{SO{2n + 1))^ = 11^=1 connected for fc^ > and disconnected 
with two connected components for = 0. To determine the underlying topological type of 
the SO{2n + l)-bundle, let us consider the group homomorphism 

(j)^ : 7ri{SOi2n + 7ri(S'0(2n + 1)) ^ Z/2Z 

induced by the inclusion SO{2n + l)x„ ^ SO{2n + 1). We have 



^7^l(C/(n,•))^Z^ A, >0, 



7ri(50(2n + lW ) = <^ 



r-l 



YlniiUiuj)) X TTi{SO{2nr + 1)) = Z'^"^ x Z/2Z, = 0, 
and 

(f)fj_{ki, . . . ,kr) = ki -\ \-kr (mod 2). 

Thus, for kr > 0, VY^{SO{2n + 1))^ is from the trivial S0{2n + l)-bundlc if and only if 
A^i + • • • + /cr = (mod 2); and for k^ = 0, V^i^j(S'0(2n + 1))^;^ has two connected components 
V^'^{S0{2n + 1))+ and vi^^{S0{2n + 1))^ , where 

vZ{SO{2n+l% = llVjxxZiSO{2nr + l)r'^''^-^''-\ 
vZiSOi2n + 1)), = n V, X xZiSOi2nr + 
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To simplify the notation, we write 

A/1 A/l kr 



I N. / fcl "^1 "^r "'r \ 

^i■ = [fj-i, ■ ■ ■ ,tJ'n) = [ — , ■ ■ ■ , — , ■ ■ ■ , — , ■ ■ ■ , — ) 

\ni ni rir riry 



m 

instead of 



' kf 

<^ni ! • • • ) 
kUi rir 

Let 



— Jni,...,—Jnr.,OIi). 

ni rir- / 



r / fci ki kr kr\ rij e ^>o, ni + • • • + = n i 

^lo(2n+l) = {/^G/sO(2n+l)|/^n>0,(-l)'=l+-+^'-=±l}, 
-^S'0{2n+1) = {/^ S -^50(2n+l) | /^n = 0}. 
From the discussion above, we conclude: 

Proposition 5.2. Suppose that £> 1. Let 

f ki ki kr kr\ 

Vni ni rir J^r^ 
V ' V ' 

(i) If n & ^so{2n+i)' ^^^"^ "'^ym('^^(2"' + = -'^YM('5'0(2n + 1))^^ is nonempty and 
connected. We have a homeomorphism 

r 

xfy,{SO{2n + l))^/SO{2n + 1) ^ J] 7W(E^, P"^'-'^^ 
and a homotopy equivalence 



(ii) If i-i G -^50(271+1)' ^^^"1^ -'^ym('^^(^^ ^'"^'^ connected components (from both 

bundles over Sq^ 

X^liSOi2n+l));' and X^^(50(2n + 
W^e /tawe a homeomorphism 

X^l{S0{2n + l))f /50(2n + 1) - J] x ^(s^o^^^V.Ti)"'^") 

and a homotopy equivalence 



X 



(X^^(50(2n + 1))±) ^ n HM(^K))_^,,...,_^i) 

\^^ASO{2nr + l)) ^ ^ J 
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Proposition 5.3. Suppose that I > 1. The connected components of the representation variety 
X^^(50(2n+l))±i are 

{xZiSO{2n + 1))^ I ^ G U {xZ{S0{2n + l))±i | ^ G /^o(2n+i)}- 

The following is an immediate consequence of Proposition I5.2[ 
Theorem 5.4. Suppose that I >1, and let /i be as in (j2ip . 

(i) ///^G /|o(2n+l)' ^^e^ 

50(2n+i) / ^£,0 .cn^o^ ^ 1^^ _ TT p^K)rv^.o 



pr'"-^'' [xZ{so{2n + 1)),) = n pr^' [X'^lmn.))^ 

(ii) If ^ llo(2n+iv ^^e^ 

i=i 



'-flat 

5.2. Equivariant Poincare series. Recall from Section [3.4.21 

A = {ai = 9i - Oi+i I i = 1, . . . , n - 1} U {a„ = 6'„} 
= {"i^ = fii - fij+i I i = 1, • • • , n - 1} U {a^ = 2e„} 

n n— 1 

^i(^) = ^e^, A = Z(e^ - e^+i) e Z(2e„), 

j=l i=l 

TTi{S0{2n + 1)) = (e„) ^ Z/2Z 
We now apply Theorem 14.41 to the case = S0{2n + 1). 

roa, = 6*1 H h6'j, i = l,...,n-l, Wa^=^{9i-\ h 



^a.iken) 



i < 71 
A:/2 i = n 



Case 1. a„ S /: 



— {'^ni ; CKni+n2 ) • • • > CtfiiH l-ir-i i '-'^ra} 

= GL{ni,C) X • • • X GL{nr, C), ni + • • • + n,. = n 
dimc3i/ - dime 3so{2n+i,c) = ^ dime = ^ nirij H . 

l<i<j<r 

(/, a^,+...+„J = for i = 1, . . . , r - 1, (/, a^) = 
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Case 2. a„ ^ J: 

I — {oifii 1 0!ni+n2 ) • • • ) C^riiH hrir-l } 

= GL(ni, C) X • • • X GL{nr^i,C) x 5'0(2n^ + 1, C), m + • • • + = n 
dimcUi - dime 350(2n+i,C) = r - 1, 

r ^ n(n + 1) - nr(nr + 1) 
dimct/ = 2^ niUj-l , 

l<i<j<r 

+ ^ (^ni+-+nr-i) H ^ {(^ni+-+nr-i+l H H t^nj 



'711 H hn,; 



"^^"'"^^ for i = 1, . . . , r - 2, (p^ a^^+...+„^_^) = 



+ nr 



We have the fohowing closed formula for the S0{2n + l)-equivariant poincare series of the 
representation of flat S0{2n + l)-connections: 



Theorem 5.5. 



P. 



,5O(2n+l).^£,0 



(4f.(SO(2„ + l))(-i)') 



r=l rii, . . . , e Z>o 



(irn 



n-=i(i+i'^' 



^{'?-l)(2E.<i n,n,'+n(n+l)) 



. ^2Er=i^K+«i+l)+4nr(fc/2> 



r-1 



+(-ir^n 



■1\2£ 



,2^ 



L (1 - t^n.) n^r^^(l - t2j)2 f]2n. (1 _ ^2,-) 

^(^-1)(2 n^nj+n(n+l)-nr(nr+l)) 



531=1 (™i+"i+l)+2e(r-)nr 



where 



e(r) 



r = 1 

1 r > 1 



Remark 5.6. We have 

Pr'^'-^'\xZ{S0{2n + l))+i) = P^^-^'-^'\xZ{Sp^n{2n + 1))), 

so Theorem lS.Sl also gives a formula for XQ^^{Spin{2n + 1)). 
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Example 5.7. 



(l-t2)(l_t4) (I_t2)(l_i4) 



(l-t2)(l_t4) (I_t2)(l_i4) 

A^ote that Spin{3) = SU{2), so 

as expected, where pf^^'^\x^^^{SU{2)) is calculated in Example \4-'}\ 
Example 5.8. 

Pt''^'\xZiSO{5)r) = P,'''''^'\xZiSp^nm 

(1+^)2^(1+^3)2^^6^+2 ^ (l + t3)2£(i + i7)2£ 



+ 



(l-t2)2(l_t4)(l_i8) ' (I_t2)(l_t4)(l_i6)(l_i8) 

{l + t)'H'' (l+^)2^(l+^3)2£^6f 
(1 - t2)2(l _ t4)2 (1 _ ^2)2(1 _ i4)(l _ ^6) 



(l+t)2^(l+t3)2£^6£-2 ^ (l+t3)2£(i + ^7)2£ 



+ 



(l-t2)2(l_i4)(l_i8) (I_i2)(l_i4)(l_i6)(l_i8) 

(l+t)4^t8£-2 (l+^)2£(i+^3)2£^6£ 
(1 - t2)2(l _ ^4)2 (1 _ ^2)2(1 _ i4)(l _ ^6) 



5.3. SO{2n + l)-connections on nonorientable surfaces. We have Cq = Co (any /i G Cq 
is conjugate to — Any fj, £ Cq is of the form 

/i = \/^diag(AiJni, . • • ' Ar J„,,0/i) 
where Ai > • • • > A,. > 0. We have 

cnr9r, + n ^ / ^(^(^i)) -^(^K)), A, > 0, 

^U[zn + i)x, - I $(f/(^^)) X ... X <^{U{nr^i)) x 50(2n, + 1), A, = 0, 

where = —2-K\/—lfi, and $ : U{m) ^ S0{2m) is the standard embedding. 
Given n £ Cq, define 

' diag(i/„,(-l)"/i), A, > 0, 

diag(i7„_„^,(-l)— '■/i,l2„J, A, = 0. 

Then Ad(e^)X^ = — X^. Suppose that 

(ai,6i, . . . ,ai,bi,ef,c ,Xfj,/2) G X^^(50(2n + 1)). 

Then 

e 

exp(X^/2)e^c'e^c' = JJ[aj,6i] 

i=l 
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Oj, bi, c' G 



where 

, ^ / $(C/(ni)) X ••• x$(;7K)), A, >0, 

$(?7(ni)) X • • • X X SO{2nr + 1), = 0. 

We first assume that A,. > 0. Let L : M^" C" defined as in Section [5.11 Define 

X'^ = L o 27rdiag(AiJ„j, . . . , A^JnJ o L"^ 

= 27r\/^diag(Ai/„i, . . . , Ar./„J G u(ni) x • • • x u{nr). 

We have L o Hn o L~^(f ) = w for v G C", where v is the complex conjugate of v. So 

LoHn^{c)HnoL-^{v) = {LoHnoL-^){Lo^{c')oL-^){LoHnoL-^){v) 

= {L o Hn o L^^)c'v = c'v = c'v. 

So the condition on X' is 

exp(X;,/2)c'c' = JJ[ai,6i] G SU{ni) x • • • x SC/^), 

i=l 

where Oj, c' G U{ni) x • • • x U{nr), and is the complex conjugate of c'. In order that this 
is nonempty, we need 1 = det{e'^^^^i luj), or equivalently 

2k ■ 

(22) Aj = ^ kj, Uj G Z>o 

for j = 1, . . . ,r. 

When Ar = 0, the above argument gives the condition (122]) for j = 1, . . . , r — 1. 
Similarly, suppose that 

(oi,6i,...,a^,6^d,e/,c',X^/2) G xfy^{SO{2n + I)). 

Then 

exp{X^j2){e^c)d{e^cy^d = JJ[ai,6i], 

i=l 

where 

, r $(i7(ni))x...x«.([7K)), A, >0, 

a„ o„ a, c fc I $([7(ni)) x • • • x «>(C/K_i)) x S0(2n^ + 1), A, = 0. 

When Xr > 0, the condition on X'^ is 

exp{X'^/2ydd'^d = J|[ai, 6^] G SU{ni) x • • • x 

i=l 

Again, we need 1 = det(e'^^^^^JT„^. ), or equivalently (j22]) . When A^ = we get condition (f22]) 
for j = 1, . . . , r — 1. 

We conclude that for nonorientable surfaces, 

/2ki 2kr \ ki kr 

H = \/^diag( J„ , . . . , — ^J„^,0/i ), where ki, . . . ,kr e Z, — >•••> — > 0. 

V ni rir ' n\ rir 

Recall that for orientable surfaces we have 

— J„ . . , — J„ , O/i ), where ki, . . . ,kr e Z, — >•••> — > 0. 

ni rir ' n\ rir 
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For each fx, define e^-reduced representation varieties 

v4iiSOi2n + l))^ = {iai,h,...,ae,be,c')e{S0{2n + l)x,f'^^ \ 

I 

Y\\ai,hi] = exp(X^/2)e^c'e^c'}, 
1=1 

V^l,{SO{2n + l))^ = {(ai,6i,...,a,,6,,a!,c') G (50(2n + l)x,r+' I 

i 

\{[aiM = exp(X^/2)e^c'd(e^c')-'c?}. 

i=l 

For i = 1, . . . ,i, write 

tti = diag(4, • • • , Ai, Ii), bi = diag(5i, . . . , 3^ h), 
c = diag(Ci, . . .,Cr,Ii), d = diag(Z?i, . . .,DrJi), 

when > 0, and write 

ai = diag(Ai bi = diag(5i , . . . , S^) , 

c = diag(Ci, ... ,Cr), d = diag(i:>i, . . . , Dr), 

when kr = 0, where A"--, Bj, Dj, Cj G ^{U{nj)) for j = 1, . . . , r - 1, and 

R« n r cl '^iUM) when A;^ > 0, 
Ji^, a^, Ur, fc I S0i2nr + 1) when kr = 0. 

1 = 1. Let Tn^k be defined as in (fT9]) . and let Cj = diag(i/„^.). For j = 1, . . . , r — 1, define 

i 

V, = [{A],B],...,A],BlC,) G <i>(C/(n,)r+i | Hl^' = ^".-A^.^iC'.e.C,-} 
(23) $ 



where V^^'.^_j!j. is the twisted representation variety defined in ([9]) of Section HT6l V^'^_i^. 
nonempty if £ > 1. We have shown that is connected if ^ > 2 (Proposition 14.13]) . 

When kr > 0, define by ([23]). When C = 0, define 

e 

(24) Vr = [{Al,B',,...,Ai,Bi,Cr) G 50(2n, + 1)^^+1 | Jl^'^r] = (eCr)'}, 

i=l 

where e = diag((-l)"-"'-/i, /2„J, det(e) = (-l)"""'-. Let C'^ = eCr. We see that 

Vr ^ {iAl,Bl ...,Ai, Bi, C',) G S0{2nr + if^ x 0(2n, + 1) | 

e 

ll[Al,Bl] = iC'rf,det{C'r) = (-1)"-"^} 



i=l 

~ ^0(2n,.+l),(-l)"-"r 
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where ^o{n) ±i twisted representation variety defined in (fT3]) of Section UTTl ^o{n) ±i 

nonempty if £ > 2. We liave shown that ^oln) ±i disconnected with two components yo{n)±i 
and Vq'I^\^1^ if ^ > 2 and n > 2 (Proposition HUD. 
We have 



v4i{SO{2n + l)), = llVj. 

We define a ?7(nj)-action on Vj = t^^'^_^. by (fTTj) of Section when kr = 0, we define 

an S0{2nr + l)-action on Vr = yo{2n +i) (-i)"-"r by ([TS]) of Section 14.71 Then we have a 
homeomorphism 



y4ii(50(2n + l))^/50(2n + 



n(l^jMnj)), A;, > 0, 



r-l 



JJ(V;/C/(nj)) X Vr/SO{2nr + 1), fer = 0, 
i=i 



and a homotopy equivalence 

1 = 2. Let ej = diag{Hn.). Define 

Vj = {{A],B},...,A'^,B'^,Dj,Cj) G m{nj)r+^ \ 

e 

1=1 

= [{A],Bj,...,A'j,B'^,D„C,) E cI>(C/(n,))2^+2 | 
(25) . 

1=1 



{A],B'j,...,A],B],Dj,Cj) e U{ 



where V^'^_i^. is the twisted representation variety defined in ([TO]) of Section Vn^_i:. is 
nonempty if £ > 1. We have shown that V^'^_^, is connected if ^ > 4 (Proposition 14. 13]) . 
When kr > 0, define Vr by ([25]). When kr = 0, define 

={(yl,^ . . . , Ai, Bi, Dr, Cr) £ S0{2nr + 1)2^+2 I 
(26) ^ 
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where e = diag((-l)"-"'-/i, I2„J, det(e) = Let C; = eC,. We see that 

Vr ^ \{Al,Bl,...,Ai,B^^,Dr,C',.) e S0{2nr + lf^+^ xO{2nr + l)\ 



i=l 

where Vo{n) ±i twisted representation variety defined in (fT^ of Section W7l\ Vq'^^^ is 

•£2 £ 2 I 1 

nonempty if £ > 4. We have shown that ^o\n) ±i disconnected with two components ^o\n) ±i 
and if ^ > 4 and n > 2 (Proposition gUD. 

We have 

r 

v4i{SO{2n + l)), = llVj. 
We define a C/(nj)-action on Vj = V^'^_j^, by (fT2]) of Section l46l when kr = 0, we define 

0(2nr+l),(-l)'^ 



an S0{2nj. + l)-action on = V^'.^ +1-1 f_i-in-nr by (fT6]) of Section [321 Then we have a 



homeomorphism 

W{Vj/U{n,)), kr > 0, 



V^i{SO{2n + l))^/SO{2n + l)x, 



and a homotopy equivalence 



r-l 



JJ(yj/?7(nj)) X Vr/SO{2nr + 1), fc^ = 0, 



Vy^[bU[2n + ijj^ ~ ^ ^^h50(2n.+l)^ ^ 0^ 

We have seen that for i = 1,2, V^'j^(S'0(2n + 1))^ is connected when kr > 0. In this case, 
to determine the topological type of the underlying S0{2n + l)-bundle P over , we can just 
look at a special point in VYli{SO{2n + 1))^ where c',d are the identity element hn+i- Then 

I 

J][ai,6i] =exp(X^/2), 

i=l 

SO ai,bi, . . . ,ae,be can be viewed as the holonomies of a Yang- Mills connection on an S0{2n + 
l)-bundle Qo S^. Also, c = e = diag(i7„, (-l)"/i) can be viewed as the holonomy of a flat 
connection on an SO{2n + l)-bundle Qi over = MP^, and c = e, d = hn+i can be viewed as 
the holonomies of a flat connection on an SO{2n + l)-bundle Q2 over S2 (a Klein bottle). Let 
S' be obtained by gluing Sg and at a point, and let P' — > S' be the (topological) principal 
SO{2n + l)-bundle over S' such that P'\j.t = Qo and P'l^o = Qi- Then P = p*P' where 

p : ^ S' = Sq U is the collapsing map. Then W2{P') = {w2{Qo),W2{Qi)) under the 
isomorphism 

^■^(s'; Z/2Z) ^ H'^{T.l,Z/2Z) e F^(S°; Z/2Z), 

and tt;2(P) = p*W2{P') = W2{Qo) + W2{Qi), if we identify //^(j]^. 2/2Z), 1/2(2^; Z/2Z), and 
i7^(S-'; Z/2Z) with Z/2Z. So it remains to compute W2(Qo)! ^^2(Qi)) and W2{Q2)- We have 
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Qo = X[/(„) S0{2n + 1), SO W2{Qo) = h + ■ ■ ■ + k,. (mod 2). To compute 

■^2(^1) and W2{Q2), we lift c = e to c G Spin{2n + 1) and lift d = hn+i to d G Spin(2n + 1). 
Since 27ri(50(2n + 1)) is the trivial group, we may choose any lifting for c and d. We choose 
d = 1 G Spin{2n + 1) and 



c 



6264 • • • e2n, n even, 

6264 • • • e2ne2n+i , JT- odd. 



Then = (-l)"("+i)/2 and cdc'^d = 1. We conclude that 

n(n -\- ^) 

W2{Qi) = ^ ^ ^ (mod 2), i«2(Q2) = (mod 2), 

so 

W2{P) = A;i H Vkr + i— (mod 2). 

When kr = 0, we have seen that V,^j^(S'0(2n + 1))^ is disconnected with two components. 
To determine the corresponding underlying topological types, we consider two special cases. 
Case 1. We consider special points 

(ai,6i, . . . ,a£,6£,c) G VY'l^{S0{2n + l))^, {ai,bi, . . . ,ag,bi,d,c) G VY'^{S0{2n + 1))^, 

where 

Qi = diag(yll,...,yl*_i,/2„,+i), bi = diag{B{, . . . , B'^_^, hnr+i), 
c = e^ = diag{Hn-nr, (-l)"""''/i, hur), d = hn+i- 
Let ei = diag((-l)"-"'-/i,/2„J. Then 

{Ai,B'^,...,A],B'^)eX^l,{U{nj))_^ j = l,...,r-l. 



CT- T ^ \ a t/,1,(-1)"-"'- 

l-'2n,+l, ■ ■ ■ , ^2nr+l,^l) t '^0(2nr+l),(-l 



0{2nr+l),(-l)"-"'' ' 
(-^2nr+l) • • • ) -^2nr+l) ^2nr+l) ^l) ^ ^'(2rar+l),(-l)"^"'' ' 

We have P = Pi x P2, where Pi is an SO(2(n — rij.) + l)-bundle, and P2 is an 50(2nj.)-bundle 
with trivial holonomies l2nr ■ We have 

W2{P) = W2{Pl) = fci + • • • + kr-1 + 

Case 2. We consider special points 

(ai,6i,...,a^,6^,c) G FYM('50(2n + 1))^, (ai, 61, . . . , a^, 6^ d, c) G FYM('^0(2n + 1))^, 
where 

ai = diag(^i, . . . , /2n,+i), h = diag(B^, . . . , /2n,+i), 

C = diag(i7n-n^, (-l)^"""''^/l, -/2,-f2n^-2), d = diag(/2(n-nO+l' --^2, -f2n^-2). 

Let ei = diag((-l)"-"'-/i,-/2,-f2n.-2), £2 = diag(/i, -/2, -f2n.-2)- Then 

{A^,B^,...,A^,B^)eX^(U(nj))_^ j = l,...,r-l. 



\-^2nr+lj ■ ■ ■ ■> -'2nr+l5 ti; '^0(2nr+l), (-!)"-"'• ' 
(-f2n,.+l, ■ ■ ■ , hnr+1,^2, Cl) G ^o(2W+l),(-l)"-' 
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We have P = Pi x P2, where Pi is an SO{2{n — rir) + l)-bundle, and P2 is an 5*0 (2n,.)-bundle 
with holonomies ai = hi = l2nr^ c = d = e = diag(— 12, /2nr-2)- Similarly, we can choose the 
lifting of d and c as d = c = 6162. Then = cdcT^d = —1. We have 

W2{Pi) = fei + • • • + kr-i + . (n-nr)(n-n. + l) ^^^^ ^2(^2) = 1 (mod 2), 

so 

W2{P) = W2{Pi) + W2{P2) =ki + --- + K-i + ■ (»-»r)(n-n, + l) ^ ^ ^^^^ 

To summarize, when /c^ = we have 

V — \ , . {n — nr){'n — rLr — l) 

j = l 

where FY5^(S'0(2n + 1))± is the e^-reduced version of X^^(50(2n + 1));^^ 
To simplify the notation, we write 



H= {fXi,...,Hn) = ( 



2/t^ 2A'^ '^Jvf 2A^^ 
, . . . , , . . . , , . . . , 

ni ni rir 



m rir 



instead of 



Let 



V-ldiag Jni,---, ^,,0/1 . 

V ni rir ' 

f ( (2ki 2ki 2kr 2kr\, 

^ \ TT-i TT-i Tlr Thr ' 



ni rir 

ni + ■ ■ ■ + rij. = n, kj ^ 'Z, — >•••> — > > , 

ni rir ) 



IsOi2n+l) = {Me/5O(2n+l)l)"n>0,(-l)*=i+-+^'^+'^=±l}, 
^SO(2n+l) = {/^ ^ ^50(2n+l) | /^n = 0}. 

For i = 1,2, define twisted moduli spaces 

Proposition 5.9. Suppose that £ > 2i, where i = 1,2. Let 

(2ki 2ki 2kr 2kr\ 

V ni ni rir nr 
V ' V ' 

m rir 

(i) If 11 & -^lo(2n+i)' ^^^'^ -'^YM('S'C'(2n + 1))^ = X^\j^{SO{2n + 1))^^ is nonempty and 
connected (coming from either the trivial bundle or the nontrivial bundle). We have a 
homeomorphism 

r 

x'^l,{SO{2n + l))^/50(2n + 1) = \[ M^^_,. 

3=1 
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and a homotopy equivalence 



r 



(ii) If ^ G -^50(2n+i)' then XY\ji{S0{2n + l))^ has two connected components (coming from 
both bundles) 

x'^^{S0{2n + l))+^ and x'^l,{S0{2n + 
We have homeomorphisms 

X^l,{SO{2n + l))^'/SO{2n + l) 

T—1 7 1,7 I . {n — nr){n — Ti-r — 1) 

and homotopy equivalences 



X^l,{S0{2n + l))^' 



hSO{2n+l) 



i=i 



Proposition 5.10. Suppose that i > 2i, where i = 0,1. The connected components of 
X^tj(50(2n + l))±i are 

{x'ql,{SO{2n + I)), \ /. G /^^(^n+i)} ^ {x'ql,{S0{2n + \ ^, G I°o(2n+i)}- 

Notice that, the set {/x = V— ldiag(;Ui J, . . . , ^^J^ O/i) | (//i, . . . , fin) G -^so(2n+i)} is a proper 
subset of {n G {r.i^Y\I C A,t{I) = 1} as mentioned in Section IT5l 
The following is an immediate consequence of Proposition 15. 9[ 



Theorem 5.11. Suppose that i > 2i, where i = 1,2, and let fi be as in (I27h . 



(i) If l^ ^ ho{2n+iy 



Pf°(-+^) (xi^l{SO{2n + l)),) = WPl^^^'iV^^l 



(ii) If & %0{2n+i)' ^hen 



jt^KO/f/^-i ^ p50(2n.+l) / ..^,i,±(-i)'=i + -+'='-i+' 2 



J=l 



0(2nr+l),(-l)"-"'- 



6. Yang-Mills S'0(2n)-CoNNECTioNS 
The maximal torus of SO{2n) consists of block diagonal matrices of the form 

diag(^i,...,A„) 
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where Ai, . . . ,An G S0{2). The Lie algebra of the maximal torus consists of matrices of the 
form 

27rdiag(ti J, . . . , t„, J) 

where 

The fundamental Weyl chamber is 

Co = {^/^diag(ti J, . . . ,t„J) \ h>t2>--->\tn\> 0}. 
As in Section [5l in this section we continue to assume 

111, . . . ,nr £ Z>o, rii + ■ ■ ■ -\- Uj. = n. 

6.1. S'0(2n)-connections on orientable surfaces. There are four cases. 
Case 1. tfi — 1 ^ I 1; ~ -I* 

fl = V^diag{XiJni, • • • , Xr-lJrir-ii KJ), 

where Ai > • • • > A^-i > |Ar.| > 0. Thus 

SO{2n)x, = HU{m)) X • • • X x «>([/K)). 

Suppose that {ai,bi, . . . ,ai,be,X^) £ XY^{S0{2n)). Then 

e 

exp(X^) = JJ[aj,6i] 

i=l 

where ai, 6i, . . . , a^, 6^ € S0{2n)x^- Then we have 

exp(X^) G {SO{2n)x,)ss = HSU{ni)) x • • • x $(5C/K_i)) x {h}. 



Thus 



= 2-K<X\iig(—Jn^,...,-^Jn^_^,krj\ 

\ni rir-i / 



/X — \/— Tdiag( Jni,---, Jrir-n^rJ 

\ni rir-i 



where 



ki,...,kreZ, —>■■■> > \kr\>0. 

ni rir-i 



A/1 kr 

— >•••>- 

rii n 

Recall that for each n, the representation variety is 

e 

y^'°(50(2n))^ = {(ai,6i, . . . ,a,,6,) G {SO(2n)x,f' \ ll[a^,bi] = exp(X^)}. 

i=l 

For i = 1, . . . ,i, write 

ai = diag(4, . . . , Ai), h = dmg{B{, 3^), 
where A), G ^>(C/(nj)). Define as in Then 



r 

(28) vZ{S0{2n))^ = \{V,. 
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We have a homeomorphism 

r 

(29) V^^{SO{2n))^/SO{2n)x, = U^^j/Uiuj)) 

and a homotopy equivalence 



(30) 



Case 2. = — 1„ > 0, > 1. 

/X = v''^diag(Ai J„^, . . . , Aj._i J„^_^, J„^_i, —XrJ), 

where Ai > • • • > A^ > 0. Thus 

50(2n)x^ = $(t/(ni)) x • • • x $(C/(n,_i)) x $'(C/(n,)), 

where : U{'m) ^ S0{2m) is the embedding defined as fohows. Consider the M-hnear map 
L' : ^ C"^ given by 

/ xi + V^yi \ 



yi 



^m— 1 

2/m— 1 

V ym / 

We have {L')"^ o ^/^I^ o L'{v) = diag(Jjji_i, — J)(f ) for v G M^"*. If ^ is a m x m matrix, 
and let ^'{A) be the (2m) x (2m) matrix given by 

{L')-^oAoL'{v) = ^'{A){v). 

Note that A(v^/„) = {^/^I^)A ^ $'(A)diag(J„_i, - J) = diag(J^_i, - J)$'(A). 
Suppose that (ai, 6i, . . . ,ae, bi, X^) G XYyi{SO{2n)). Then 

exp(X^) = JJ[ai,6i] 

i=l 

where ai,6i, ... ,ae,be e SO{2n)x^- Then we have 

exp(X^) G (SO(2n)xJ.. = $(5C/(ni)) x • • • x $(5C/(n,_i)) x $'(S[/(n,)). 

Thus 



= 27rdiag('— Jni, . . . , ^^Jn,_i, — Jn,-1, — -j\ 
Vni rir-i Ur rir- / 

h 



rir 

— iuiagl <^nu • • • ) 'Jrir-ii '-'nr.— 1) •-' ) ) 

Vni rir-i rir nr / 



where 

gZ, —>•••> — > 0. 

ni rir 

Recall that for each n, the representation variety is 



v4^^{SO{2n))^ = {{ai,b,,...,ae,be) G {SO{2n)x,f | ^i] = exp(X^)}. 



j=i 
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For i = 1, . . . ,£, write 

ai = diag(4, . . . , 4), k = diag(S* , . . . , Bl), 

where Aj, G $(C/(nj)) for j = 1, . . . , r - 1, and A^., G ^>'(?7K)). 
For J = 1, . . . , r — 1, define V^- as in (j20p . Recall that 

- _ / cos(27rt) -sin(27rt) \ 
* ~ \^ sin(27rt) cos(27rt) ) ' 

Define 

Vr = {{Al,Bl,...,Ai,B',)e<^'iU{nr)f'\ 

£ 

JJ[A*,i?*] = diag(Jj!;^/„,., . . . , Jfc,./n^) J-kr/nr)'^ 

i=l 

I 

\{A\,Bl,...,Ai,Bi) G Vinrf \ ^\K.K\ = e^-v^'^'-/"^^, } 

i=l 

Then we have (l28]l . (I29l). and (l30|) . 
Case 3. = t„ > 0, > 1. 

H = \f-ldiag{Xi Jni,. ■ ■ , XrJrir), 

where Ai > • • • > Ar > 0. Thus 

SO{2n)x, = HU{ni)) x • • • x $(?7K)). 

Let = —2-K^/—l^. Suppose that (ai,6i, . . . ,a£,b£,X^) G XY^{SO{2n)). Then 

exp(X^) = JJ[ai,6j] 

i=l 

where ai,bi, . . . , a£,bi G S0{2n)x^- Then we have 

exp(X^) G (50(2n)xJ«. = HSU{ni)) x • • • x «>(5C/K,)). 

Thus 





= 27rdiag ^ 


ni 


— 7 ^ 


M 


= V — Idia; 


g(— -/ni, 


— 7 

• • • ) •Jrir ) 


^1, 


. . . , /l^ G 


— > . . . 

ni 


> — > 0. 

rir 



where 



Recall that for each /i, the representation variety is 

e 

V^ZiSOi2n))^ = {iai,bu...,a,,be) G (50(2n)xj'' | JJK bi] = expiX ^)} . 

1=1 

For i = 1, . . . , i, write 

Oi = diag(4, ...,Ai), bi = diag{B{, . . . , B^), 
where G ^{Uirij)). 
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Define Vj as in ([20]). Then we have (f28]l . (f29l) . and (f30l) . 

Case 4. t^-i = = 0, > 1. 

fJ' = \/-Tdiag(AiJ„^, . . . , Ar._iJ„^_j,OJnJ, 
where Ai > • • • > A^-i > 0. Thus 

S0{2n)x^ = ^{U{ni)) x • • • x «>(C/(n,._i)) x 50(2^^). 
Let Xfj, = —In^^^fj.. Suppose that (oi, 6i, . . . , a^, be,X^)£X^l^iSOi2n)). Then 

exp(X^) = JJ[ai,6j] 

i=l 

where ai,bi, . . . , ae,bi £ S0{2n)x^^- Then we have 

exp(X^) E {SO{2n)x,)ss = HSU{ni)) x • • • x $(Sf/(n,_i)) x 50(2n,). 

Thus 

= 27rdiag(— Jni,...,-^^J„,_i,OJ„^), 
Vni n,.-! / 

= v^diagf— J„^,...,-^^J„^_i,OJ„,V 

where 

ni JT-r-l 

Recall that for each /i, the representation variety is 

T4'°(50(2n))^ = {(ai,6i,...,a,,6,) G (50(2n)xj'' | Hi"*' = exp(X^)}. 

1=1 

For i = 1, . . . , ^, write 

= diag(4, • • • , 4), &i = diag(Si, . . . , Bl), 

where G $(?7(nj)) for j = 1, . . . , r - 1, and ^j., G S0{2nr). 

For J = 1, . . . , r — 1, define Vj as in (|20p . Define 

I 

Vr = [{Al,Bl, . . .,Ai,Bi) G S0{2nrf' \ \{[K,Bl] = hn,] = (50(2n,)). 



i=l 



Then VY^{S0{2n))^ = YYj=i ^j- have a homeomorphism 

r-l 

(50(2n))^/50(2n)x, = n(^^/f^(^^)) >< V;./50(2n,) 
and a homotopy equivalence 

We can decide the topological type of the underlying SO{2n) as in Section [5Tl Then Case 
1, Case 2, Case 3 and Case 4 give exactly the same Atiyah-Bott points as in Section [3.4.3[ 
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To simplify the notation, we write 

' ki ki kr 
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, N / fel fcl fcr 
[fll, . . . ,fln) = I , ■ ■ ■ , , ■ ■ ■ , — , ■ ■ • , — 

\ni ni rir n^/ 



instead of 



and write 



M = (Mi 



V^diagf — Jni, . . . , —Jnr) , 
\ni rir y 

V / k\ k\ k^ — 1 kj^ — \ kj' kf k^ \ 

1 A*n ) I ) • • • ) ) • • • ) ) • • • ) ! ) • • • ) ) ) 

\ni Til Tir-l flr-l Tir fir Ur ' 



n, — 1 



n, — 1 



instead of 



Let 



/ — 7j- / ^1 t kr—1 , kr ^ kr S\ 
V-ldiagI J„i, . . . , Jur-l, Jur-l, J I ■ 

\ni rir-i rir rir / 

r±i _ ( _ fki kr-l kr-l \ V. ^rj. 



Ur-l 




k. € Z,nr G Z>i,ni + --- + nr = n, — >•••> — > 0, = ±l) 

riT rir- i 



^SO(2n) — — [ ' • • ■ ' ' • ' •••)'-') 



rij G Z>o, 



rir 



ki 



rir G Z>i, ni + ■ ■ ■ + rir = n, A;,- G Z, — > • • • > 



ni 



kr-l 
rir-l 



>o 



From the above discussion, we conclude that 
>positio] 

(i) ///^ 



Proposition 6.1. Suppose that i > 1. 

ki ki kr—l kr-l r, \ ^ T 

— T Kr j t J , 

-1 rir-l / 



SO{2n) 




SO{2n)' 



then Xyj^ (5*0(277.))^ = XYj^(iS'0(2n + l))^"*^ is nonempty and connected. We have a 
homeomorphism 

r 

x'^l,{SO{2n))JSO{2n) - [] ^(^o, ^'"^'"'O 
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and a homotopy equivalence 

j=l "j' ' "j 



(ii) ///.= (^,...,^,...,^,...,^,o,...,o)g/° 




SO{2n)' 



then XY^{S0{2n))fj_ has two connected components (from both bundles over 
X^^(50(2n))+i and X^^(S0(2n));i. 



We have a homeomorphism 

r-l 

and a homotopy equivalence 



SO{2nr) 



X 



-(_l)'=l + '-- + *r-l\'^'5'0(2nr) 



Proposition 6.2. Suppose that I > 1. The connected components of the representation variety 
X^^(50(2n))±i are 

{X^l{SO{2n))^ I /X E /|^(2n)} U {X^;^(50(2n))±i | fi G /0o(2n)}- 
The following is an immediate consequence of Proposition 16.11 
Theorem 6.3. Suppose that I > 1. 

(i) Vf^ 



/i - ( )•••'.„ ) „ 1 • • • 1 n / SO(2n)' 




(ii) Iffi= (^,...,^,...,^J^,...,^^,p, ...,o) G /5o(2n)' ^hen 
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6.2. Equivariant Poincare series. Recall from Section [3.4.31 

A = {ai = 9i - 9i^i I i = 1, . . . , n - 1} U {a„ = 9n-i + On} 
= {a,^ = ei- ei+i | i = 1, . . . , n - 1} U {a^ = e„_i + e„} 

n n—1 

MH)=^^ei, A = 0Z(e,-ei+i)©Z(e„_i + e„), 

i=l 1=1 

7ri(50(2n)) = (e„) ^ Z/2Z 
We now apply Theorem 14.41 to the case = SO{2n). 

'^ai= 01-1 ^Oi, i=l,...,n-2 

= ^(^1 + • • • + On-l - On), Wa„ = ^(6*1 + • • • + On-l + On) 

{0 i<n-2 
—k/2 i = n — 1 
k/2 i = n 

We have the following four cases: 
Case 1. an-i,an G /: = 1 

I — {c^m ) Q?m+n2 ) • • • ) ^niA \-nr—2 ; ^n—1^ C^n} 

= GL{ni,C) X ••• X GLK„i,C) x GL(1,C), m + • • • + + 1 = n 

ttI sr^ n(n-l) 
dime 3 - dime (2n,c) = ^'j dime (7 = 2^ nin^ H ^ 

l<i<j<r 



i=l ^ i = l ^ ^7=1 



"iH hrtj-i+J 



~ 1 //I 



(p^ a^^+...+„J = !?li^!l±i^ for i = 1, . . . , r - 2, 



/ 7 V \ / / V\ "-r-l + 1 

(P ,«n-i) = {P = t; 



Case 2. a„_i £ I, an ^ I- > 1 

— {o^ni ; CKni+n2 ) ■ ■ ■ > CtrtiH l-Wr-i ' '-'^n — 1 } 

= GL{ni,C) X • • • X GL{nr,C), ni + • • • + = n 
dime 3z,i - dime 3so(2n,C) = dime C/ = 2^ n^nj H 

l<i<j<r 

i=l ^ j=l ^ ^j=l ^ j=l 

(/, a^i+-+n.) = ""'^^ for i = 1, . . . , r - 1, a^.^) = - 1 
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Case 3. q;„_i ^ I, an E I: > 1 



— {cKni ) Ckni+n2 ) • • • ) Q^ni+n2H hrir-i ) O'n} 

L''^ = GL{ni,C) X • • • X GL{nr, C), ni H h = n 

dimc3LJ - dimc350(2n,C) = r, dime ?7-^ = ^ iiirij + "'^"^ 

l<i<j<r 

(p^, a^i+...+„,) = ^J^'^^ for i = 1, . . . , r - 1, (p^ aj^) = - 1 



Case 4. an-i ^ I, an ^ I- n-r > 1 



I — {o^ni ) (^ni+n2 ) ■ ■ ■ ) Q'ni+n2H hn, — 1} 

= GL(ni,C) X ■ ■ ■ X GL{nr-i,C) X SO{2nr), ni H h = n 

dimc3L/ - dimc350(2n,C) = r - 1, 

T-rf n(n — 1) — nririr — I) 
dime = 2^ riinj + ^ J ry r j_ 



l<i<j<r 



H ^(^1 ^ ^'ni+.-.+n^-i) H ^-^(6'ni+-+n,._i+l H V ^n) 

{p\ Q!^i+...+„,) = !!ii^!!±i^ for z = 1, . . . , r - 2, 
, r w , _ nr-1 + 2nT- — 1 

\P ' "niH hnr-i/ ~ o 



We have the foUowing cfoscd formula for the S'0(2ri)-equivariant Poincare series of the 
representation variety of fiat 50(2n)-connections over Sq: 



YANG-MILLS CONNECTIONS ON ORIENTABLE AND NONORIENTABLE SURFACES 



53 



Theorem 6.4. n > 2 



2i 



r=2 m, . . . ,nr G Z>o 
^ rij — n.rir — 1 



,(<?-l)(2E,<,n>nj+«(n-l)) 

* ' ^2Er=iK+ni+i)+4K-i+l)(A;/2> 



[n[=l^(l - (1 _ t2K_i+l)) 

n-1 / r i-rn, /, ^2i-lN2f 



;(i-«>»onji^'(i-i«) 



r=l ni , . . . , n^- £ Z>o 
rij — n, rir > 1 



,(^-l){2E,<,«,nj+n{n-l)) 

i ' ^2ErriK+"i+i)+4K-i)(fc/2> 



r-1 i-rn. , .2i-lN2^ 



r2nr-2/ 



2^ 



^(^-1)(2 Ei<j nirij-|-n(ra-l)-nr(rar-l)) 



.i2ELl K+"i+l)+2f(''')K-i+2nr-l) 



_ i2K+n,+i)) (]_ _ g(^-)^2K_i+2n,-l)) 



where 



e(r) 



r = 1 

1 r > 1 



Remark 6.5. For n>2, we have 



Pr^'''\xZ{S0{2n))^') = P^^'-^'-\xZ{Sp^n{2n))), 
so Theorem \6.4\ also gives a formula for X^^^{Spin{2n)). 
Example 6.6. 

(l+i)«t4m Jl+^)2^(l+^3)2yf+2 (1 + ^ 



3\« 



(l-t2)2(l_i4)2 (I_i2)2(l_i4)2 (1 _ ^2)2(1 _ ^4)2 



1 



(l-t2)2(l_i4)5 



(1 + ^3)4^ _ 2^2^+2(1 ^ ^)2^(;l ^ ^3)2^ ^ ^4^(1 + i)4£ 



(l+t)4£i4£+2 (l+t)2^(l+t3)2y€ (1 + ^3) 

2 .o\r»/^ .^NO "h 



3\4£ 



(l-t2)2(l_i4)2 (I_t2)2(l_i4)2 (1 _ ^2)2(1 _ ^4)2 



(l-t2)2(l_i4)2 

Afoie that Spin{4) = SU{2) x SU{2), so 



(1 + t3)4^ _ 2^2^(1 + i)2^(l + ^3)2^ ^ ^4^(1 ^ ^)4^^ 



pf''''^'\xZisp^nm = (pr^'\xZisumy 
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as expected, where {X^^^.{SU {2))) is calculated in Example 

Example 6.7. 

(l-t2)3(l_t4)(i_i6)2 (I_t2)3(l_i4)3 



(l-t2)2(l_t4)2(l_i6)(l_i8) (I_t2)3(l_i4)2(l_i6) 
(1 + ^3)2^(1 + ^5)2^(1 + ^7)2^ (1 + ^)2^(i + ^3)4^^8^ 



(1 - t2)(l - t4)2(l _ ^6)2(1 _ ^8) (1 _ ^2)3(1 _ ^4)2(1 _ ^8) 

(1 + + t^fh^^'-^ (1 + t)6^t^2£-4 

(1 - t2)3(l _ t^)(l - t6)2 (1 _ ^2)3(1 _ ^4)3 

_ (l+t)2^(l + t3)2^(l + t5)2^t6£-2 (1+^)4^(1 + ^3)2^^10^-2 



+ 



(l-t2)2(l_t4)2(l_i6)(l_i8) (I_t2)3(l_i4)2(l_^6) 
(1 + t3)2£(i + ^5)2^(1 + ^7)2£ (1 + ^)2£(i + ^3)4^^8£ 



(1 - t2)(l - t4)2(l _ ^6)2(1 _ ^8) (1 _ ^2)3(1 _ ^4)2(1 _ ^8) 

Note that Spin{6) = SU{4), so 

as expected, where Pf^^^\x^^^{SU{4:))) is calculated in Example \4-8[ 

6.3. S'0(4m + 2)-connections on nonorientable surfaces. In this subsection, we consider 
S0{2n) where n = 2m + 1 is odd, so that 

Cl = {^/^diag(ti J, . . . , t2^J, OJ) I ti > • • • > t2m > 0}. 
Any /X G Cq is of the form 

^i. = \/^diag(Ai J„i, . . . , Ar.-i Jn,_i,OJ„J, 
where Ai > • • • > A^-i > and > 0. We have 

S0{2n)x^ = ^{U{ni)) x • • • x «>([/(n,._i)) x 50(2^^), 

where = — 27rV— 1^- 
Given ^ S Cg, let 

= diag(i/,_„,, (-l)("""')/i,l2„„-i). 

Then Ad(e^)X^ = -X^. Note that n,. > 1. 
Suppose that 

(ai, hi,..., a^, h, e^d, Xj2) G X^^(50(2n)). 

Then 



exp(X^/2)e^c'e^c' = JJ[ai,6i] 



i=l 



where Oj, hi, d G <l>([/(ni)) x • • • x <I>(C/(nr_i)) x S'0(2n,.). 
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Let L : R2(n-nr) ^ ^n-n, defined as in Section EH and let 
X'^ = Lo (27rdiag(AiJ„^,...,Ar._iJ„,_i)) oL^i 

= 27r^/^diag(Ai/„,,--- ,Ar_i/„,^_J G u(ni) x ••• x u(nr_i). 
Then the condition on X' is 

exp{X'^/2)c'c' = Yl[ai,bi] G SU{ni) x • • • x 5C/(n^_i) 

i=l 

where Cj, 6j, c' G C/(ni) x • • • x ?7(nr-i), and c' is the complex conjugate of c'. In order that 
this is nonempty, we need 1 = det{e'^^'^^^ In^), i.e., 

2k ■ 

(31) >^j = —, kjGZ, j = l,...,r-l. 

Uj 

Similarly, suppose that (oi , 6i , . . . , , be,d,ef,c',X^/2) G X^^(50(2n). Then 



exp(X^/2)(e^c )d(e^c ) = PJ[aj, 6i 



where Oj, 6j, d, c' G ^{U{ni)) x • • • x <I)(?7(nj._i)) x S0{2nr). The condition on is 

e^p{X'^/2)c'dd~^d G SC/(ni) x • • • x SU{nr^i). 

Again, we need 

= — ' kj£Z, j = l,...,r-l. 

We conclude that for nonorientable surfaces, 

. — /'2ki 2kr-i \ , , ^t+l 
/X = V-ldiag Jni, . . . , Jnr-i,OJnr , where fe,- G Z, — > > 0, > 0. 

V ni ?^r-l ^ 

For each fi, the e„-reduced representation varieties are 



l4'^(50(2n))^ = {(ai, 6i, . . . , a^, c') G SO{2n)j^+' 



X 

Yl[ai,bi] = exp(^)e^c'e^c'}, 

i=l 

y^']^(50(2n))^ = {(ai,6i,...,a,,6,,d,c') GSO(2n)^^+2 



JJ[aj,6j] = exp{^)e^c'd{e^c'y^d}. 

i=l 



For z = 1, • • • ,i, write 



Oi = diag(4 ,...,Ai), bi = diag(5i , . . . , S^) , 
c' = diag(Ci, ...,Cr), d = diag(Z?i, . . . , Dr), 

where A), B], Cj, Dj G <^{U{nj)) for j = 1, . . . , r - 1, and Ai, Bj., C,., D,. G S0{2nr 
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i = 1. Define Vj as in ()23p . and define 

(32) Vr = {{Al,B^,...,Ai,Bi,Cr) G 50(2n,)''+' | Ht^''^^] = i^^rf}^ 

i=l 

wliere e = diag((-l)"-"-, lan.-i), det(e) = (-I)"""'-. Let C; = eCr- We see tliat 
Vr ^ \^{Al,Bl,...,Ai,B^^,C'^) £ SO{2nrf^ xO{2nr)\ 

W\K,B\\ = (c;)2,det(c;) = (-1)"-"^} 



0(2n^), (-!)"-"»• 



wliere V^'^^^^ _|_^ is the twisted representation variety defined in (fT3|) of Section HTH V^^'^^^^ is 



nonempty if £ > 2. We have shown that V^'^^^ _|_^ is disconnected witli two components Vq^^^^ 
and Vq'.V^^ if ^ > 2 and n > 2 (Proposition El]). 



)(n), 

We have 

r 

l^^;^(50(2n))^ = n^r 

i=i 

We define a C/(nj)-action on V^- = V^'^_^, by ([TT]) of Section WM. and an 50(2n,,)-action on 
Vr = V"q^2„ ) (_i)'i-nr by ([15]) of Section W7j\ Then we have a homeomorphism 

l^^ji(50(2n))^/50(2n)x, = n(^J-/f^(n,)) x Vr/S0{2nr) 

i=i 

and a homotopy equivalence 



^YM('50(2n))^ ~ YYV- ' " xV 



i = 2. Define Vj as in (|25p . and define 



(33) Vr = [{A}^,Bl, . . .,Ai,Bi,Dr,Cr) G 50(2n,)2^+2 | HK-^^] = eCrDrieCr)-' Dr] 

i=l 

where e = diag((-l)"-"'-/i, l2„,_i), det(e) = (-l)"""''. Let C; = eCr- We see that 
Vr ^ {{Al,Bl,...,Ai,Bi,Dr,C'r) e SOi2nrf^+^ xO{2nr)\ 

£ 

l[[Ai.,Bi.] = C',DrC'-'Dr,det{C',) = (-l)--"} 
1=1 

— T/^'^ 

~ '^0(2?i,,),(-l)"-"'- 

where ^qj^i) _|_;^ is the twisted representation variety defined in of Section H77l V^^'j?^^ _|_-|^ is 
nonempty if £ > 4. We have shown that ^Q^n) ±i ^® disconnected with two components yo{n)±i 
and if ^ > 4 and n> 2 (Proposition HH]). 
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We have 

r 

V^l{S0{2n))^ = J{V,. 

i=i 

We define a C/(nj)-action on Vj = V^'^_^, by of Section WM. and an S'0(2nr)-action on 
Vr = yQ^2n ) {-i)"-"r by (flBl) of Section l4?7l Then we have a homeomorphism 

r-l 

F^'^(50(2n))^/50(2n)x, = n(^^/f^(^^)) >< Vr/S0{2nr) 

i=i 

and a homotopy equivalence 

Note that, Vq^^) _i — ^/o — f/(l)^^^* is connected as mentioned in Section 

We have seen that VY^{SO{2n))fj_ is disconnected with two connected components if ^ > 2i 
and rir > 1 (notice that when = 1, n — rir = 2m is even). To determine the underlying 
topological S'0(2n)-bundle P for each component, we consider four special cases. 
Case 1. Assuming that > 1, we consider special points 

{aiM: ■ ■ ■,a£,bi,c) G VY'l^{SO{2n))^, (ai,6i, . . .,ae,bi,d,c) G "14^(50(2?!))^, 

where 

Ui = diag(Ai, . . . , /2nJ, bi = diag(5j, . . . , B;_-^, /2„J, 
c = ef, = diag(i/n_„,,, /2„,-i), d = hn- 

Let ei =diag((-l)"-"' /i,l2„,-i). Then 

(4,i?i,...,Aj,i?j)eX^^(C/(n,))_^ i = l,...,r-l, 

(,-'2nr ) • • • ) -'2nr ) ^1 j t VQ^2nr),(-l)"~"'' ' ' ' ' ' ' ^rir ; -'2nr ) ^1 j t ''(9(2nr),(-l)"~"'" ' 

We have P = Pi XP2, where Pi is an 50(2(n — nf.)-|-l)-bundle, and P2 is an S'0(2nf. — l)-bundle 
with trivial holonomies l2nr-i- We have 

, , (n — nr)(n — Ur + 1) , 
W2{P) =W2{Pl) = h + --- + kr^i + V- '—^ (mod 2), 

where the second equality follows from the argument in Section [5. 3i 
Case 2. Assuming that > 1, as in Case 1, we consider special points 

(ai,6i, . . .,ae,be,c) G VY'l^{S0{2n))f,, (ai,6i, . . .,ae,be,d,c) G VY'^{S0{2n)) 

where 

ai = diag(Ai, . . . , ^2n,), h = diag(5^, . . . , l2nj, 

c = diag(i/„_„,,, (-l)("~"' )/i, -I2, hrir-s), d = diag(/2(„_„^)+i, -/2, /2n,-3)- 
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Let ei = diag((-l)"-"'-/i,-/2,^2n^-3), ^2 = diag{h,-l2,l2nr-z), ande = diag(-/2, -f2nr.-3)- 
Then 

{A],B%...,Ai,B^eX'^{U{nj))_u^^ j = l,...,r-l, 



"■j''"' "J 



l,-'2nr. ) • • • ) -'2nr ) f 1 j ^ 0(2nr.),(— l)"^"*" ' l-'2nr. ; • • • ) -'2nr ? ^ 2 1 ^1 j t ^Q(^2nr),{—1)'^^"^ ' 

We have P = Pi x P2, where Pi is an 50(2(71 — n^) + l)-bundle, and P2 is an SO{2nr — 1)- 
bundle with holonomies Ui = bi = l2nr-i, c = d = e. We can choose the Ufting of d and c as 
d = c = 6162 and = cdcT^d = — 1. Thus we have 

W2{Pl) = fci + • • • + kr-l + ^ i''-'^r){n-nr + l) ^^^^ ^^^^^^ ^ ^ ^^^^ 2), 

so 

W2{P) = W2{Pi) + W2{P2) =h + --- + kr-l + ■ - n.) (n - + 1) ^ ^ ^^^^ 
Case 3. Assuming that = 1 so that n — rir = 2m is even, we consider special points 
(ai,6i,... ,a^,6£,c) G V^'lj^{SO{2n))^, {ai,bi, . . . ,ae,h,d,c) G yYM('S'C(2n))^, 

where 

ai = diag(A*i,...,4-i,^2), bi = diag{B{,...,Bi_i,l2), 
c = diag(if2m, -h), d = diag(/4^, -h). 

Then 

{Ai,Bl...,Ai,B})eX^l,{U{nj))_k^ j = l,...,r-l, 

{h, ...,l2, -h) e ^0(2),+l' (^2, ■ ■ ■ , ^2, -^2, -^"2) e ^0(2),+r 

We have P = Pi x P2, where Pi is an <S'0(4m)-bundle with holonomies d = I^m and c = i?2m 
with lifting c = 6264 ■ ■ ■ 64^, and P2 is an S'0(2)-bundle with holonomies Oj = 6j = I2 and 
c = d = — ^2 with lifting d = c = 6162- Then we have 

w;2(Pi) = fci + ■ • • + + im (mod 2), 'u;2(P2) = 1 (mod 2), 

so 

W2{P) = ki-\ h kr-l + im+l. 

Case 4- Assuming that = 1 as in Case 3, we consider special points 

{ai,bi,...,ae,be,c) e V^'^{SO{2n))i„ {ai,bi, . . . ,ae,bi,d,c) G V^'^{SO{2n))i„ 

where 

ai = diag(Ai,...,yi;_i,l2), 5^ = diag(Pi, . . . , s;_i, /a), 
c = diag(i72m, -^2), d = hn- 

Then 

(A},Pj,...,4.,Pj)GX^^(i7(n,))_^ i = l,...,r-l, 

(/2, . . . , /2, /2) e (^2, . . . , /2, /2, /2) G F^^'J^^,. 
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We have P = Pi x P2, where Pi is an SO (Am) -bundle with holonomies d = and c = i?2m 
with hfting c = 6264 • • • 64^^, and P2 is an 50(2)-bundle with trivial holonomies l2- Then we 
have 

W2{P) = W2{Pi) = ki + ■ ■ ■ + kr-i + im (mod 2). 
To summarize, when n = 2m + 1, we have 

J I r I I ■ (n—nr)(n—nr — l) 

(SO(2n))^ -T\V x v^'''^^-^'^ ' ''-' ^ 

i=i 

where Vy'l^{SO{2n))^ is the e^-reduced version of X^i^{SO{2n))'^^ . Note that 

. (n — nr)(n — 71^ — 1) riririr — 1) x , , „x - , ■, 

^ V rA_ r J_ ^ _^ ^M^^ 7 ^ ^.^^^ 2), „ _ = „^ _ 1 (mod 2). 

To simplify the notation, we write 

/2fci 2fci 2/c,_i 2/c,_i N 

/X= (/Xl,...,/i2m,0) = I ,0;...,0J 

V ni ni Ur-l llr-l V — 

' ^ ' Ur 

ni Tlr-l 

instead of 

V^diag ( -Jni,..., Jn^_^ , OJn, ) • 

\ ni rir-i y 

Let 

f ( (2ki 2ki 2kr-i 2kr-i _ _\ , 
^so(4m+2) — iM— I — T ■ ■ ■> — '■■■) jU, . . . ,U 1 e i:->o, 

^ ' L \ m ni rir-l Tlr-l V 

V ' ^ Ur 

ni Ur-l 

ki kf 



ni H \- Ur = n = 2m + I, fc,- G Z, —>•••> > ^ 

ni n-r-i J 



Recall that the twisted moduli spaces for U{n) are defined by = V^'^/C/(n), where 

z = 1, 2. Also we define the twisted moduli spaces for SO{n) by 



•^0(nt±i = yoinf±^/SO{n), Where i = l,2. 
Proposition 6.8. Suppose that i > 2%, where i = 1,2. Let 



(34) /x= — — ,o,...,o e /; 

V ni ni tlr-l nr-i "^—^ — '/ 



SO{4m+2) ■ 



rir-l 



Then XY^(5'0(4m + 2))^ has two connected components (from both bundles over 

X^;,(50(4m + 2))+\ and X^;,(50(4m + 2));^ 
We have a homeomorphism 

X^^(SO(4m + 2))f/SO{4.m + 2) 

n - j . .£,i,ifc(-l)'°l + ''' + '°r-l+""+' 2 ^ 
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and a homotopy equivalence 



X^^{SO{4m + 2))^ 



' 0{2nr),{~l)^r-l ) 

i=i 

Proposition 6.9. Suppose that I > 2i, where i = 1,2. The connected components of XYl^{SO{4m+ 
2))±i are 

{X^^(50(4m + 2))±1 I /Z G isO{4rn+2)}- 

Notice that, the set {fj. = ^/^diag(^iJ, . . . ,iJ,2mJ,0J) \ (/xi, . . . ,/x2m,0) G /50(4m+2)} is a 
proper subset of {/x G | I Q ^^'^'i^) = ^} as mentioned in Section l45l 

The following is an immediate consequence of Proposition 16. 8[ 



Theorem 6.10. Suppose that i > 2i, where z = 1,2, and let fi be as in (|34p . Then 



npC/K)n7^,i A p50(2n,) / ./,i,±(-l)''-i + -+'='-i+''"+" 2 \ 

6.4. 50(4m)-connections on nonorientable surfaces. In this subsection, we consider S0{2n) 
where n = 2m is even, so that Cg = Cq. There are four cases. 
Case 1. tfi — \ ^ I^Til; ~ -I* 

fx = \/^diag(Ai Jn^, . . . , Xr-lJur-i, KJ), 

where Ai > • • • > A^-i > \Xr\ > 0. Thus 

SO{Am)x^ = $(C/(ni)) x • • • x x $(C/(n^)). 

where = —2-k\/—1i_i. 



Let e = H2m- Suppose that (ai, 6i, . . . , o^, bi, ec/, X^j/2) G XYM('S'0(4m)). Then 



exp(X^/2)ec'ec' = JJ[ai,6i 



j=i 



where Oj, 6i, c/ G (ni)) x • • • x <I)(?7(nr)). 

Let L : ^ C" be defined as in Section [5Tl and let 

= LoX^oL-^ 



27rV^diag(Ai/„i, • • • , A,./n J G u(ni) x • • • x u(n^). 



Then the condition on X',, is 

exp(X;/2)c'c' = Hk'&i] e 5^7 (ni) x • • • x 5;7(n,_i) x {h] 

i=l 

where ai, bi, c' U (ni) x • • • x ?7 (n-r), and c' is the complex conjugate of c' . In order that this 
is nonempty, we need 1 = det(e'^^'^'^j/„j. ), i.e., 

•^i = — ' kj£Z, j = l,...,r. 
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Similarly, suppose that {ai,bi, . . . ,ae,be,d, ec' ,X^/2) G XYyi{SO{Am)). Then 

e 

expiXf,/2)iec')d{ec')-'d = J][a„ bi] 

1=1 

where at, bi, d, d G $([/(ni)) x • • • x ^(JJ(nr)). The condition on X'^ is 

exp(X^/2)c'(ic'"^(i = JJ[ai,6i] S x • • • x S\J{nr^x) x {h}, 

1=1 

where Oj, hi, d, d G V{n\) x • • • x U{nr), and c' is the complex conjugate of d . Again, we 
need 

2k ■ 

Xj = ^, kj£Z, j = l,...,r. 

We conclude that for nonorientable surfaces 

, /'2ki 2kj._i \ ki kf—i 

fi = V— Idiag Jni, • • • , Jur-i-.'^krJ ] , kj eZ, — > • • • > > IkJ > 0. 

V ni n-r-i / m rir-i 



2i+l 



For each define e-reduced representation varieties 

^YM('S'0(4m))^ ={(ai,^i, • • • ,ae,be,d) G SO{Am] 

(35) X , , 

\\\ai,hi] = exp(^)ec'ec'}, 

i=l 

y^5^(50(4m))^ ={(ai,5i,...,a,,6,,d,c') G SO{^mf^+^ \ 

(36) ^ X , , _ 

Y\[ai,hi] = ex.^{-^)ed d{ec) ^d}. 

i=l 

For 2 = 1,...,^, write 

Oi = diag(Ai , . . . , ^t) , 6i = diag(5j , . . . , S*) , 
c' = diag(Ci, . . . , Cr), = diag(Z?i, . . . , L>^), 

where S], Cj, G ^'(C/(nj)). 

Define Vj as in (j23p when i = 1, and as in ()25p when i = 2. Then Vj = is connected, 

and 

r 

y^^(50(4m))^ = n^r 

i=i 

Thus Vy'(^(50(4m))^ is connected, and it corresponds to connections on a fixed topological 
SO(4m)-bundle P. By the argument in Section [531 

/ ^ , , 2m(2m + 1) , , , , 

W2{P) = ki-\ \-kr + i — = ki-\ Vkr+im (mod 2). 

Let U{nj) acts on Vj = V^'*_^, by (lllh and ()12p in Section [4.61 when z = 1 and when i = 2, 
respectively. Then we have a homeomorphism 

r 

(37) y^';(50(4m))^/50(4m)x, = X\i^,lU{n,)) 
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and a homotopy equivalence 

(38) y^i:,(50(4m))/'^^'"^^'' - n ^Z^^"^-^- 

Case 2. = — 1„ > 0, > 1. 

^ = A/^diag(Ai J„^, . . . , Ar-l Jn^_;^, Aj. Jn^-l, —XrJ), 

where Ai > • • • > A^, > 0, Thus 50(4m)x^ = <^>{U{ni)) x • • • x $(C/(n,._i)) x $'([/(n^)), where 
$ : [/(/c) ^ SO{2k) is the standard embedding, and : S0{2k) is defined as in 

Section 16. 1[ 



Let e = H2m- Suppose that (oi, 6i, . . . , a^, 6^, ec', G X^i^(50(4m)). Then 



exp(X^/2)ec ec' = JJ[aj,6i] 



i=l 

where Oj, 6j, d e <!>([/ (ni)) x • • • x <I>(?7(nr_i) x $'([/(nr)). 

Let L e : m2("-"'-) e M^"- ^ C"-"-- C"^ and let 

= (L e L') oXf,o{L(g) L'Y^ = 27rA/^diag(Ai/ni, • • • , Klur) G u(ni) x • • • x u{nr). 
Then the condition on X'., is 

exp(X;,/2)c'c' = JJ[ai, 6i] E 5C/(ni) x • • • x SU{nr) 
1=1 

where a^, c' E f/(?T.i) x • • • x U{nr), and c' is the complex conjugate of c' . In order that this 
is nonempty, we need 1 = det(e'^^^^'^j/„j. ), i.e., 

^j = —^ kj^^, j = l,...,r. 

Similarly, suppose that (oi, 6i, . . . , a^, be,d,ec',X^/2) E X^^{SO{Am)). Then 

e 

exp(X^/2)(ec')c?(ec')-'<i = Hiau h], 

i=l 

where Oj, 6j, d, c' E <i>([/(ni)) x • • • x $(?7(n^._i)) x ^'{U{nr)). The condition on is 

exp(X;,/2)c'(Jc'"^d = JJ[ai,6i] E 5C/(ni) x • • • x 5C/K), 

where a^, 6j, d, c' E ?7(ni) x • • • x [/(n^) and d is the complex conjugate of d. 
Again, we need 

= — ' kj£Z, j = l,...,r. 
We conclude that for nonorientable surfaces 



^ = V-ldiag( J„i,..., -/n.-i, J), Kj E Z, — >•••> — > 0. 

ni nr-i nr ni Ur 
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For each ^, define e-reduced representation varieties as in (f35l) and (f36l) . For i = 
write 

Ui = diag(4, . . . , 4), bi = diag(5i, . . . , Bl), 
c' = diag(Ci, . . . , Cr), d = diag(L»i, . . . , Dr), 

wliere A), B], Cj, Dj G <l>{U{nj)) for j = 1, • • • , r - 1, and A^., Bf., Cr, Dr G $'([/K)). 
i = 1. For J = 1, . . . , r — 1, define V^- as in ([25]) . Define 



I {(Aj, . . . , 4, a) G I ^[4, 4] = e^^^ vaa} 

1=1 



ThenF^'^(50(4m))^ = n-=i^r 

i = 2. For J = 1, . . . , r — 1, define Vj as in (I25p . Define 



Vr = {{Al, B}.,..., AlBl Dr,Cr) G [/K)2^+2 | 
i=l 

ThenV^'^(50(4m))^ = n-=i^r 

Thus V^'j^(50(4m))^ is also connected, so it corresponds to a fixed topological 50(4m)- 
bundle P. As in Case 1, 

'W2{P) = ki + ■ ■ ■ + kr + im (mod 2). 

We also have a homeomorphism (|37p and a homotopy equivalence ()38p . 
Case 3. tn-i = tn > 0, > 1. 

/w = \/^diag(Ai J„i, . . . , Ar-Jn,), 
where Ai > • • • > A,. > 0. Let = — 27r-v/— 1^ as before. Then 

S0{2n)^ = SO{2n)x^ = ^(C/(ni)) x • • • x ^{U{nr)). 

Let e = i72m as in Example l4.11[ Suppose that (ai, 6i, . . . , a^, hi, ec', X^/2) G XYM('S'0(4m)). 
Then 

e. 

exp(X^/2)ec'ec' = JJ[ai,6i] 

i=l 

where Oj, 6^, c/ G $([/(ni)) x • • • x <I)(?7(nr)). 

Let L : M^" ^ C" be defined as in Section EH and let 

X'^ = LoX^oL-^ 

= 27r\/^diag(Ai/„i, . . . , A^InJ G u(ni) x • • • x u{nr). 

Then the condition on X' is 

e 

exp{X'^/2yc = '[l[ai,bi] G SU{ni) x • • • x 

i=l 
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where a^, bi, d G U{ni) x • • • x U{nr), and c' is the complex conjugate of c'. In order that this 
is nonempty, we need 1 = det(e'^^'^'^j/„j. ), i.e., 

2k ■ 

Xj = ^, kjeZ, j = l,...,r. 

Similarly, suppose that (ai, 6i, . . . , a^, be,d,ec',X^/2) G X^^{SO{Am)). Then 

e 

expiX^/2){ec')d{ec')-^d = JJ^^^d 

1=1 

where Oj, hi, d, c' G <^([/(ni)) x • • • x <I>(C/(n^.)). The condition on X'^ is 

exp(X;./2)c'dc'"^(f G 5C/(ni) x • • • x 5?7K.), 

where d, c' G C/(ni) x • • • x U{nr), and d is the complex conjugate of d. Again, we need 

2k ■ 

= — ' kjeZ, j = l,...,r. 
We conclude that for nonorientable surfaces, 

;i = V-ldiag Jni,..., JnJ, fcj G Z, — > > 0. 

\ rii rir ^ ni rir 

For each /i, we define the e-reduced representation varieties as in (j35|) and (|36|) when i = 1 
and when i = 2, respectively; we define Vj as in ()23p and ()25p when i = 1 and when i = 2, 
respectively. Then 

r 

Again, V,^j^(S'0(4m))^ is connected, so it corresponds to a fixed topological S'0(4m)-bundle 
P, and 

W2{P) = ki + ■ ■ ■ + kr + im (mod 2). 

We also have a homeomorphism (j37p and a homotopy equivalence (|38p . 
Case 4. t„_i = t„ = 0, > 1. 

/i = \/^diag(AiJni, . . . , K-lJnr-i,OJnr), 

where Ai > • • • > A^—i > 0. Let X^ = —2tt\J—1^ as before. Then 

50(2n)^ = S0{2n)x^ = ^{U{ni)) x • • • x ^{U{nr-i)) x S0{2nr). 

Let = diag(//2m-n^, (-1)"'' A, -^2rir-i)- Consider (ai, 6i, . . . , o^, 6^, c',X^/2)eX'^l^{SO{Am)). 
Then 

exp(X^/2)e^c'e^c' = JJ[ai,6i] 

where Oj, 6j, d G <l>(C/(ni)) x • • • x <I>(?7(nr_i)) x S0{2nr). 
Let L : m2("-"'-) ^ C"""'' be defined as in Section EH and let 



X'^ = L o (27rdiag(AiJ„i, . . . , A,._iJ„^_J) o L ^ 

= 27r\/^diag(Ai/„,, . . . , K-iInr-i) e u(ni) x • • • x u(n,._i^ 
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Then the condition on X'., is 



exp(X;/2)c'c' = \{[aiM G SU{ni) x • • • x 5C/K_i), 

where ai, 6j, c' G C/(ni) x • • • x {/(rir-i), and c' is the complex conjugate of c' . In order that 
this is nonempty, we need 1 = det(e'^^'^'^Jl„.), i.e., 



2k ■ 

= — ' kj^Z, i = l,...,r-l. 



Similarly, suppose that (oi, 6i, . . . , a^, 5^,d,e^c',X^/2) E X^^(S0(4m)). Then 

i 

ex.p{Xf^/2){e^c')d{ef,c'y^d = JJ[ai,6i], 

j=i 

where Oj, 6i, d, c' G ^>(C/(ni)) x • • • x <I)(C/(nf._i)) x S0{2nr). The condition on is 

eiip{X'^/2)c'dd~^d G SC/(ni) x • • • x SU{nr-i), 
where d, d G U{ni) x • • • x [/(n^-i), and d is the complex conjugate of d. Again, we need 

A=^, fc-GZ, j = l,...,r-l. 

We conclude that for nonorientable surfaces, 

, — (2ki 2kr-i \ ki kr-i 

^ = V-ldiag Jni,..., Jnr-i,OJnr], kj & Z, — >•••> > 0. 

V rii rir-i J ■' m rir-i 

For each define e^-reduced representation varieties 

V^'^(S0(4m))^ = {(ai,6i,...,a,,6,,c') GS0(4m)f+i I 



JJ[ai,6i] = exp(X^/2)e^c'e;.c }, 
y^']^(S0(4m))^ = {(ai,6i,...,a,,5,,d,c') G50(4m)^^+2 

J{[aiM] = eMX^./2)e^c'd{t/rH]. 
1=1 

i = 1. For j = 1, . . . , r — 1, define Vj as in (j23p . Define 

(39) = G SO{2nrf'+' I HK,^;] = (ea.)'}, 

i=l 

where e = diag((-l)"'-/i, /2n,-i), det(e) = (-I)"''. Let Cq = eCo. We see that 
Vr ^ {iAl,Bl,...,Al,Bi,C'^)£SOi2nrf^xOi2nr)\ 

^[^;,i?;] = (c;)^det(c7;) = (-l^^} 



'^O(2n0,(-l)"r 
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where ^o{n) ±i twisted representation variety defined in (fT3]) of Section UTTl ^o{n) ±i 

nonempty if £ > 2. We liave shown that ^oln) ±i disconnected with two components yo{n)±i 
and VqVV^^ if ^ > 2 and n > 2 (Proposition HUl). Then 



v4iiSOi4m)), = llv,. 



i = 2. For j = 1, . . . , r — 1, define Vj as in (1250 . Define 

(40) = {(v4^,5;,...,Af,5^,Dr-,a) G50(2n^)2^+2 | JJ[4, fi^] = eaZ)^(ea)"^£>r}, 

i=l 

where e = diag((-l)"' /i, /2n,-i), det(e) = (-l)"-. Let = eC,.. We see that 
Vr ^ {{Al,Bl,...,Ai,Bi,Dr,Cl.)€SO{2nr)^^+^ xOi2nr)\ 

1=1 

~ ^0{2nr),i-l)"^ 

where V^^'^^^ _|_-^ is the twisted representation variety defined in ([HD of Section BTTl V^'^^^ is 
nonempty if ^ > 4. We have shown that ^'j-^) _|_;^ is disconnected with two components ^o(^n) ±i 
and yo{ri)±i if ^ — 4 ^^'^ n > 2 (Proposition 14.1^ . Then 

r 

V^i{SO{4m))^ = llV,. 

i=i 

Thus VYli{SO{4m))^ is disconnected with two connected components \i I >2i and n,. > 1 
(because Vr is). By the argument in Section [631 

'^^^ . I I , , . (n — nr)(n — TtT — 1) 

.(n - nr)(n - - 1) _ nr(n^ + l). 

JNote that i = i[m-\ . 

2 _ ^ 2 ' 

Let U{nj) act on Vj- = by (fTTj) and (fT2|) of Section WM when i = 1 and when i = 2, 

respectively; let S0{2nr) act on Vr = V^^^^^ ^ (-i)"r by and (fT6]) in Section W7l\ when i = 1 
and i = 2, respectively. Then we have a homeomorphism 

r-l 

F^';(50(4m))^/50(4m)x, = ll(^j/U{n,)) x K/50(2n,), 
and a homotopy equivalence 

l^^ij,(50(4m))/''''^""^"'' ~ ny/^("^) X 
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To simplify the notation, we write 



, V / 2tfv\ 2il\i\ 2ifvf '2ik'p \ 

M = (Ml) ■ ■ ■ )M2m) = ( , • • • , J • • • , , • • • , J 

V ni ni Ur Ur / 



instead of 



Let 



Idiag Jni, • • • , Jur 

\ ni rir- / 



/ ^J\\ 2Ay^ ^ ^ 



, 2/c, 



, . . . , , . . . , , . . . , , 

111 Tlr-i ^r-l 



Uj G Z>o, kj G Z, 



rtr-i 



m + • • • + n,_i + l = n,^>--->^> \kr\, ^-l)ki+-+kr+im 

ni rir-i 



= ±1} 



(2/^1 2A/2^ 2/u^ — 1 — X ^kf '^iky Qik^ 

? • • • ) 7 * * * J ) * • • 5 J 7 • • • 5 J 

ni ni «r-l J^r-l '^r 



Uj G Z>o, 



rir — l 



nr>l, ni + ---+nr = n, k^eZ, ^ > • • • > > 0, (-i)ki+-+kr+im ^ ^{ 

n\ rir 



f2ki 2ki 2kr-i 2kr-i 

, . . . , , . . . , 



ni 



ni 



rir-i ' ' n^-i 



0,...,0 



Uj e Z>o, 



ni 



n^. > 1, ni + • • • + = n, kj & Z, — > • • • > 

ni 



Proposition 6.11. Suppose that £ > 2i, where i = 1,2 
' Qik^ 2/^2 — — 2 



(i) ^/m= 



ni 



ni 



rir-i 



,2kr] G -f50(4m)' 



rir-l 



(2k\ 2k\ 2kf — \ 2kf — \ 2kf 2k^ 2kf \ rii 
, . . . , , . . . , , . . . , , , . . . , , ± I G J^ a/-) 

ni n\ rir-i rir-i rir rir ' 



50(4m) ' 



Tlr — l 



then 



±1 



is nonempty and connected. We have a homeomorphism 



i=i 



and a homotopy equivalence 



e,i \hU{nj) 
,j,—kj/ 
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(n) ///.= ( — ,...,—,...,-—,...,-— 



t/ien XY\ji{SO{Am))^ has two connected components (from both bundles over Y^f) 

X^l{SO{4m));\ and x'^l,{SO{Am));,\ 
We have homeomorphisms 

^ k + +fc +■ _j_ ■ '"■r("'r + l) 

and homotopy equivalences 

hSO{4m) 



X^;^(50(4m)); 
i=i 

Proposition 6.12. Suppose that i > 2i, where i = 1,2. The connected components of 
X^^(50(4m))±i are 

{X^l,{SO{4m)), I /X e U {X^i,(50(4m))±i | /x e /^o(4r.)}- 



Notice that, the set {/x = y^diag(/ii J, . . . , H2mJ) \ (/^i, • • • , ^2m) G -^so(4m) ^ ^50(4m) i ^ 
proper subset of {/x G | ^ ^^'^i^) = mentioned in Section 1^31 

The following is an immediate consequence of Proposition 16. Ill 

Proposition 6.13. Suppose that i > 2i, where i = 1,2. 

(2ki 2ki 2kr-i 2kr^i „, \ f±i 



rir-l 



2k\ 2kf \ 2k^ ^ 2ky 2ky 2k^ \ fii 

! • • • ) ) • • • ) ) • • • ) ) 5 • • • ) ) i ) G .SOI'4mV 

^ ^ ' ' ^ ' 



then 



(ii) Ifl^ 



ni rir-i rir — l 



/2ki 2ki 2kr^i 2kr-i n^ ^ fo +h 

V ■' '• V ' Ur 

"■1 rtr-l 



r-l 



UMffA' ^ ^ p50(2n.) ( ^/,i,±(-l)*i+-+'='-i+™+» 7 

0{2nr),{-l)"'- 
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7. YaNG-MiLLS S'p(n)-CONNECTIONS 



Spin) 



A -B 



eU{2n) A,B eGL{n,C) 



B A 

The maximal torus of Sp{n) consists of diagonal matrices of the form 

diag{ui, ... ,Un,Ui^ , ... ,u~^), 

where ui,. . . ,Un G U{1). The Lie algebra of the maximal torus consists of diagonal matrices 
of the form 

-27r\/^diag(ti, ...,tn, -h, . . . ,—tn), U G M. 
The fundamental Weyl chamber is 

Co = {diag(fi, ...,tn,-ti,..., -tn) I ii > i2 > • • • > in > 0}. 

In this section, we assume 

ni, . . . , € Z>o, ni + --- + nr = n. 

7.1. S'p(n)-connections on orientable surfaces. Any /x G Co is of the form 

/X = diag(Aiijij, . . . , XrlfirJ ~XlInij ■ ■ ■ 1 ~\Inr)i 

where Ai > • • • > > 0. When A^ > 0, Sp{n)x^ consists of matrices of the form 

diag(Mi,...,M^,Mi,...,M^), 
where Mj G U [rij). When A^ = 0, Sp{n)x^, consists of matrices of the form 

\ 



/ Ml 



Mr-l 



\ 



Mr 

Ml 



Mr- 



r-1 



-Nr 



Mr J 



where Mj G U (rij) for j = 1, . . . , r — 1, and 



S 



Mr -Nr 
Nr Mr 



G Sp{nr) C U{2nr). 



So 



Sp{n)x. 



U{ni) X ■ ■ ■ X U{nr), Xr > 0, 

U{ni) X • • • X U{nr-i) x Sp{nr), Xr = 0. 

Suppose that (ai, 61, . . . , a^, bi, X^) G XY^{Sp{n)). Then 



exp(X^) = JJ[ai,6i], 
where ai, 61, . . . , a^, 6^ G Sp{n)x^- Then we have 
exp(X^) G {Sp{n)x^)ss = 



SU{ni) X ■■■ X SU{nr), Xr > 0, 

SU{nr) X ■■■ X SU{nr-l) x Sp{nr), Xr = 0. 
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Thus 





= — 27rV— Idiag 




ky 

rir 




Ifii 1 ■ ■ 




= diag(— 

Vni 


rir 


ni 


• • ; ~ 


kr 

rir 



rir 



where 



A;,- G Z, —>•••> — > 0. 



ni 



rir 



This agrees with Section [3.4. 4[ 

Recall for each fi, the representation variety is 

e 

^Yui^Pi'^))/^ = {{ai,bi,...,ai,bi) e {Sp{n)x^f^ \ JJ[ai,6j] = exp(X^)}. 

Let i = 1, . . . , i. When kr > 0, write 

Oii = diag I ) • • • ) Ar , ) • • • ) I > 



1=1 



diagLBl,...,fi;,5^...,BJ 



where A'j,Bj G U{nj). When /c^ = 0, write 



/ A' 



\ 



0_ \ 



B^ 



\ f; 



5^, / 



where 



= diag {A\,..., , B' = diag . . . , Bl._,) , 

A'.,BieU{nj), j = l, 



For j = 1, 
(41) 



, r — 1, define 



El Ai 



,r - 1, 
Fi Bl 



G ^^(nj.) C U{2nr). 



V, = {iA],B},...,A<^^,Bf} G Uin.f' \ Hi^^, = e"'"^"^ 4 



} 



When /cj, > 0, define Vr by ([1T|). When /c,, = 0, define 

e 

Vr = {{Pr\Ql, P'r: QD G Sp{nrf' \ \{[Pi, Q\] = V} = X'^^^{Sp{nr)) . 



i=l 

Then Vi, . . . ,Vr are connected, and V^]y[('S'p(n))^ = 11^=1 ^j- We have homeomorphisms 

V^uiSp[n)),/Sp[rrU^ - ^ A.. = 0, 

and homotopy equivalences 



YANG-MILLS CONNECTIONS ON ORIENTABLE AND NONORIENTABLE SURFACES 



71 



Recall that Sp{n) is simply connected, so any principal S'p(n)-bundle over an orientable or 
nonorientable surface is trivial. For i = 0, 1, 2, let 

Mm,Sp{n)) = x'^l^{Sp{n))/Sp{n) 

be the moduli space of gauge equivalence classes of flat 5p(n)-connections on S^. 
To simplify the notation, we write 

ki ki kf ky 
m 



. (ki ki 




instead of 



Let 



aiag I Ini , • • • , J-rir , Jni , • • • , ^n^ I • 

\ni Tlr ni Ur / 



'5p(n) 



ki ki 



\fi = (— , . . . , , . . . , , 

L Vni ni Hr 



ni + ■ ■ ■ + Ur = n, kj £ Z, 



> 



rii 



\nj e Z>o, 



> — > 



From the discussion above, we conclude: 
Proposition 7.1. Suppose that i > 1. Let 

' 

, . . . , , . . . , , . . . , 

^ni rii Ur Tlr 



(42) 



Sp{n)- 



Then 



^YMiSp{n)),,/Sp{n) 



kr > 0, 



Ul=l X Spinr)), kr = 0. 



In particular, XY^{Sp{n))^ is nonempty and connected. We have homotopy equivalences 



"-J '■■■'"j 
"j '■■■'"j 

Proposition 7.2. Suppose that i > 1. T/ie connected components of the representation variety 



hU(nj) 



XyliiSpin)) are 



{X^^{Sp{n))^ I M e -^Sp{n)}- 

The following is an immediate consequence of Proposition 17.11 
Theorem 7.3. Suppose that I > 1, and let fi be as in (j42p . Then 



Sp{n) 



XyuiSpin))^ 



YM 



kr > 0, 
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7.2. Equivariant Poincare series. Recall from Section [3.4.41 

A = {ai = Oi - Oi+i I i = 1, . . . , n - 1} U {a„ = 29^] 
= {a( =ei- Ci+i I z = 1, . . . , n - 1} U {a^ = e^} 

n n— 1 

T^i{H) = ^Ze„ A = 0Z(e, -e,+i)©Ze„, 7ri(Sp(n)) = 

1=1 i=l 

We will apply Theorem 14.41 to the case Gm. = Sp{n). 

'^ai = 6*1 H V6i 

Case 1. an G I- 

I — {c^ni ) Oini-\-n2 ) • • • ) Q^niH \-n, — 1 1 C^n} 

L"^ = GL{ni,C) X • • • X GL{nr, C), ni + • • • + = n 

rrf n(n + 1) 
dime 3l/ - dime 35p(n,C) = '"^ dime (7 = 2^ n^nj H ^ 

l<i<j<r 



j=l ^ 7 = 1 ^ ^7 = 1 



■+ni-i+j I H ^(^1 H H ^'n) 



(/9 ,a„^+...+„J = r for i = 1,... ,r - 1, {p ,aj = — - — 



Case 2. an ^ /: 



I — {ckrii 1 CKni+n2 j • • • > CKjiiH hrt^-i } 

L'^ = GL(ni, C) X • • • X GL(n,r_i, C) x Sp{nr, C), ni H + = n 

dimca^/ - dimc35p(n,C) = r - 1, 

J ^ n{n + I) - nrijir + I) 
dime = 2^ "-i^-j H ^ 



^ i=i ^ j=i ^ S=i ^ 



H ^ — (^1 H 1- dni+-+nr-i) H ^-^(^ni+-+n,._i+l H h 6'n) 

(/, a^^+...+„J = "^^^^+^ for i = 1, . . . , r - 2, (/, a^^+...+„^_^) = """"^"^ ^ + 

Then we have the closed formula for the equivariant poinare series for the moduli space of 
flat 5'p(n)-connections: 
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Theorem 7.4. 



f ' .2Err^K+n.+i)+2(n,+l) 



1 111 , . . . , 6 Z>o 



t\ (1 - n"=^'(i - ' n?=i(i - 1^') 

,(^-l)(2 X;i<i ninj+n(n+l)-n^K+l)) 

_^2 EI^i K+"i+l)+2e(r)(nr-i+2nr+l) 



]^^-2(l _ i2K+n,+i)) (]_ _ g(-j,)^2K_i+2n,+l)) 

w/iere 

e(r) = 

Example 7.5. 



r = 1 

1 r > 1 



(l-t2)(l-t4) (I_i2)(l_i4) 

A^oie i/iai S'p(l) = SU{2) = Spin{3), so 

as expected, where P^'^^'^\x^l^^{SU{2))) is calculated in Example \4- T\ and that P^^^^^^\XQ^^{Spin{3))) 
is calculated in Example \5.7\ 

Example 7.6. 

(l + t)2^(l + t3)2^^6£ ^ (l+t)4^t8^ 



+ 



(l-t2)2(l_i4)(l_i6) (l_i2)2(l_^4)2 

(1 + t^fe^l + ffi (1 + t)2^(l + t3)2^^6m 



(1 - - t^)(l - t^){\ - t8) (1 _ ^2)2(1 _ i4-)(i _ ^8) 

Note that Sp{2) = Spin{5), so 

Pt'^"\xZ{Sp{2))) = P,''''"^'\xZiSpznm 
as expected, where Pf^^'^^^\xZ{Spin{5))) is calculated in Example\5, 
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Example 7.7. 

(1 + tfi^l + t3)2£(i + t5)2£^m-4 ^ (1 + ^)4£(i + t3)2£^16£-4 



+ 



+ 



(l-t2)2(l_i4)2(l_i6)(l_i8) (I_i2)3(l_i4)(l_i6)2 
(1 + t)^i^l + ^3)2^^16^-6 (1 ^ t)6^tl8^-6 

(1 - t2)3(l _ ^4)2(1 _ ^6) (1 _ ^2)3(1 _ ^4)3 

(1 - t2)(l _ t^)(l - t6)(l _ i8)(l _ ilO)(l _ ^12) 

(l+t)2^(l+t3)2£(i^^7)2£^10m 
(1 - t2)2(l _ t4)(i _ i6)(l _ i8)(l _ ^12) 
(1 + tfi^l + ^3)4^^14^-4 (1 + ^)4^(i + ^3)2^^16^-4 



(l-t2)3(l_t4)2(l_il0) (I_i2)3(l_i4)2(l_^8) 

7.3. 5'p(n)-connections on nonorientable surfaces. We have Cq = Cq. Any fi € Cg is of 

the form 

fl = diag(Ai/„j, . . . , Xrlrir^ —Xllrii, ■ ■ ■ , —Xrlur)-, 

where Ai > • • • > > 0. We have 

U (ni) X • • • X U{nr), Xr > 0, 

U (ni) X • • • X U{nr-^i) x Sp{nr), Xr = 0. 



Sp{n\ 



Suppose that (ai, 6i, . . . , a^, 6^, ec', G XY^(5'p(n)), where 

is defined as in Example 14.121 Notice that here e2 ^ 1. Then 

exp(X^/2)ec'ec' = JJ[ai,6i] 

i=l 

where Oj, ftj, c' E Sp{n)x^- Note that ec'ec' = — c'c' where c' is the complex conjugate of c', so 

eMx,j2)(-?c') . (sp(„),.)„ . { s^j:;;;) - ; - ^^j;;^);, ^ ^^^^^^^ J; > »• 

In order that this is nonempty, we need 1 = det(— e'^^'^'*'^/„j)j i-e., 

^ 2A^_ j = l,...,r. 

Similarly, suppose that (ai, 6i, . . . , a^, be,d,ec',X^/2) G X^^(5p(n)). Then 

e 

exp(X^/2)(ec')d(ec')-^ci = Ht^i'^i]' 

i=l 

or equivalently, 

SU{ni) X ••• X A,. > 0, 

Sulni) X • • • X 5f/(n,._i) x Spin,.), A,. = 0. 
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Again, we need 



^7 = — -1, kjeZ, j = l,...,r. 



We conclude that for nonorientable surfaces, either 

2ki N ,2kr \ /2ki 

J-j-'ni) • • • ) [ ^j-LUrl ~\ 

ni rir ni 



ji = diag 



l)/„„...,(^-l)V,-(^-l)/n„...,-(^-l)/nA 

Ur m rir y 



where 



or 



where 



ni rir 2, 



IX = diag('(— - (^^^ - l)/„^_^,OV, 

-(^ - . . . , -(^ - 1) V_„04.) , 

ni ^r-l / 



fc,- G Z, —>•••> > 



III rij—i 2 

Recall the for each /i, the e-reduced representation varieties are 



Y[[ai,bi] = exp{X^/2)ec'ec'}, 

i=l 

{{ai,bi,...,ae,be,d,c') e Sp{n)j^+^ \ 

e 

ll[ai,bi] = exp(X^/2)ec'd(ec')-'d}- 



i=l 



Let i = 1, • • • ,£. When > 0, write 

Gi = diag {A\, . . .,Ai,A\, ...,Ai), bi = diag [bI . . . ,5^,5^, . . . ,5^) , 
c' = diag {Ci,...,Cr,Ci,...,Cr) , d = diag {Di, . . . ,Dr,Di, . . . ,Dr) , 



where A'j,Bj,Cj,Bj e U{nj). When = 0, write 



/ A' 



\ Ei 

( c 



A' 



C 



\ 

K ) 

-Hr 



( B' 0_ \ 

Bi _ -f; 

A' 

\ Bi J 

(D \ 



Dr 



D 



\ Q Gr Dr j 
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where 

A' = diag (4, . . . , , B' = diag {bI Bi_,) , 

C = diag {Ci, Cr-i) , D = diag (Di, . . . , A-i) , 
Ai,B},Cj,D, eUin,), j = l,...,r-l, 

^^=(S ^ ) e ^K) C f/(2n.), 

= ( ) = ( "^'^ ) G 5p(n,) C ^(2n,). 

Let ^ = ^ q""^ ^ ^ Sp{nr). For j = 1, . . . , r — 1, define 



(43) 



= V , 



4 = 1 

1 



where V^^'V is the twisted representation variety defined in of Section 14.61 t^^'.V is 
nonempty if ^ > 1. We have shown that t^!^. is connected if £ > 2 (Proposition 14.13]) . 
When A,. > 0, define V; by (gS]). When = 0,'define 

t 

Vr = {(P,\Qj,...,P/,gf,5,) G Sp{nrf'+^ I Y{[Pl,Qi] = [eSrf] 

i=l 

^'"^'^^ {{F^,Ql, . . . , F^, Qi, S',) G Sp{nrf'+' I 1[[P:., Ql] = (5;,)'} 

Then FY']^(5p(n))^ = lYj=i ^j- 

Similarly, for j = l,...,r — 1, define 



(44) 



V, = {iA],B},...,A'^,B'^,D„Cj) G (^(n,))2^+2 | 



where V^^'\ . is the twisted representation variety defined in of Section 14.61 V^'^f, . is 
nonempty if ^ > 1 . We have shown that V^'.^^ is connected if ^ > 4 (Proposition I4.13P . When 
A,. > 0, define by ([M]). When A^^ = 0, define 



Vr = {iPr\Ql, P'r: Rr, Sr) G Sp{nrf'+^ \ l[[P^, Ql] = eSrRr{eSr)-' Rr} 

i=l 

^^''^'^ {(P/, Ql, . . . , P/, Ql, R,, Si) G Sp{nrf'+^ I ll[Pi, Ql] = SlRr{Sl)-' Rr} 



i=l 

flat^ 
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Then vZ{Sp{n)), = UUV,. 

Let U{nj) act on Vj = V^'\. by ([TT]) and ([12]) in Section when z = 1 and when i = 2, 
respectively. Then we have homeomorphisms 

iUU(^j/Uin,)), A,>0, 



VY'MiSp{'n))ti/Sp{n)x^ 
and homotopy equivalences 



' [ITjZiiVj/Uinj)) X Vr/Sp{nr), A, = 0, 
" [lYjZl X T//^pK), a,. = 0. 

To simplify the notation, we write 

(45) /X = (m, ... ,Hn) = (— - 1, • • • , — - 1, — - 1, — - 1 

V ni ni rir rir 



instead of 

diag((^ - 1)/,,, . . . , - -(^ - . . . , -(^ - !))/„ 

and write 

(46) ;u = (/XI, . . . , /x„) = 1, . . . , 1, . . . , 1, . . . , 1, 0, . . . , 

V m rii rir-l TT-r-l v 

" >/ ' ^ V ' n-r 

ni n, — 1 

instead of 



diag( (-^ - 1)^1,- • • , {—^ - l)ln,_i,OIn,, 

--l)/n„...,-(^-l))/.._„OI„ V 

^r— 1 ^ 



Til 

Let 



r /2A;i 2A;i 2/^^ 2A:r x, 

Isp(n) = i = 1> • • • > !>•••> 1 h^i ^ ^>o, 

^ ' I- V ni ni rir J ' 



ni rir 



ni + • • • + nr = n, kj eZ, — > • • • > — > - r 

ni rir 2 J 

r /2A;i 2A;i 2/?^-! 2/cr-i 

U 1/^= l>---> 1,0, ...,0 

L V ni ni nr_i nr-i ^ — „ — ' 



ki k,.- 



Hj £ Z>o, ni + • • • + nr = n, kj £ Z, — > • • • > 



ni rir 

Proposition 7.8. Suppose that I > 2i, where i = 1,2, and let /u G Isp{n)- 
(i) // /X is of the form ()l5]) , i/ien 



nr_i 2) 
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We have a homotopy equivalence 
(ii) // /i is of the form (|46p , then 

r-1 

x'^\^{Sp{n)),/Sp{n) = n-^l-,fc, X A^(Sf,5pK)). 

i=i 

We have a homotopy equivalence 
In particular, XYj^(5'p(n))^ is nonempty and connected. 

Proposition 7.9. Suppose that I > 2i, where i = 1,2. The connected components of XY\ji{Sp{n)) 
are 

{X^\^{Sp{n))^ I ^ e hpin)}- 

Notice that, the set {/U = diag(/ii, . . . -/"i, • • • , -^n)|(/"i, • • • G ^5p(n)} is a proper 
subset of {jjL G (H^)"^!/ C A,t{I) = 1} as mentioned in Section ITSl 
The following is an immediate consequence of Proposition I7.8[ 

Theorem 7.10. Suppose that £ > 2i, where i = 1,2, and let n G Isp{n)- 

(i) // IX is of the form , then 

(ii) // is of the form (06]) , then 

Appendix A. Remarks on Laumon-Rapoport Formula 

In this appendix, we explain how to use the argument in |LRj to obtain Theorem 14.41 which 
is a slightly modified version of |LR1 Theorem 3.4]. We work over C. 

A.l. Notation. The following is a correspondence between the notation in [FM] (which we 
followed closely in Section [3]) and that in |LR| . 
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rrm 


[r iVij 


minimal parabolic 
subgroup (Borel) 






Cartan of G 


Mo 




parabolic subgroup 


D 'M AT 

r = iVlpl\p 


D J JT 

r = LU 


Levi subgroup 


IVl p 


J 


unipotent radical 


AT 
I\ p 


JT 

u 


TiPvi minPToiTn 


Zp 


Z{L) 


ponri PffpH ppnfpT 

of Mp 


Ap 


Z{L)o 




A' c Md u 






XMp) 






Y { A' \ 






X ( A' \ 






flo = apo 


Ok 




f, _]]|f5>, Y (An) 

= M (?5 X-.(A'r.) 


(3l)k 




ar = M (g) XAAn') 


(3g)k = i}R/V* 




0^ = C Oo 


= A M c [)M 


root system 


$0 = C 




set of positive roots 


= ^\ C $0 


CR 


set of simple roots 


Ao = Ap„ C 


AcR+ 


coroot lattice of G 







In this appendix, we will closely follow the notation in [LR]. We will not repeat most of the 
definitions in [LR]. 

Following jLRj . if P C Q C R are three parabolic subgroups of G, there are canonical 
splittings ap = Op © Og © op and a*p = Op* © Og* © Op. Given H G ap, we denote by 
[H]^ , [H]q, and [H]^ the canonical projections of H onto ap, ag, and ap, respectively. The 
components of /? G ap in ap*, Uq*, and a^ are P\^q, /5|og' l^lau, respectively. Given 
a G Ap = Ap C ap*, let a denote the unique element in Aq C ap* such that a\^G = a. Then 
G O-p^ and = [a^]p G ap. The subset of the set of simple roots in |FM] corresponds 
to Ap = Ap in the following way: 



= {a I a G Ap} C Ao C a^* 

Ap = {/3|ap |/3G/^}Ca^* 

= |/3GAo\nca^; 

A^ = |/?G/^\/«}Ca«* 



We continue the table of correspondence between notations in [LRj and |FM] : 
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[LM] 


[FMj 






TTl{H)/kL 






7ri(F)/(Aiee^g,P Za^) 


Topological type 
of G-bundle 




7ri(/7)/A = 7ri(G) 


Topological type 
of Afp-bundle 




7ri(F)/AL = 7ri(L) 



Given a parabolic subgroup P of G, the topological type of an Mp-bundle is given by 
vp G Ap^ = ■Ki{Mp). The slope of an Mp-bundle is given by v'p G X^,{A'p). The commutative 
diagram in Section [3.31 can be rewritten as follows: 



Ap/Ap 

ip 



Pp 







A/A 



PG 



Gl 







Here Ap = ©^^eAl^ ^"^^ ^*(^Po)! ^"^^ Ap is the saturation of Ap in X^{A'p^). Let i^p and 
v'q denote the projections pp{vp) and pci^G)-: respectively. 

Recall that {wa \ a G Aq} is a basis of the real vector space ap* which is dual to the basis 



a 



G Aq} of Op^. Given a G Aq, we extend : Op^ — > M to Wa '■ cio 



Po 



by zero on ac- Then ro^ takes integral values on (BaeAo'^O!^ C Op^ C Oq, and takes rational 
values on X^ (Ap^ ) C ao . So it induces a map 

ro„ : A?^ = X^iA'p^) / Za^ ^ Q/Z 

where Q is any parabolic subgroup of G. More explicitly, given uq G Ap^, let X G X^,(Ap^) be 
a representative of z^g. Then ^^(z^q) = ■cUq,(X) + Z. 

A. 2. Inversion formulas. Let A be a fixed topological abelian group. In |LR| . Laumon and 
Rapoport introduced the notion of L-converging functions and F-converging functions from *P 
to A, where 

^ = {iP,i^'p)\P€V,i^'pGX,iA'p)}- 
We will introduce similar notion for functions from T to A, where 



T = {(P,z.p) I PGP,z.pG A^J. 
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Definition A.l. Let T = {{P, fp) \ P ^V^vp £ ^Pq}> A he a fixed topological abelian 

group. A function a : T — > A is F-converging if for each standard parabolic subgroup P C Q 
of G and each vq G Ap^ , the finite sum 



[vp]q=vq 

admits a limit as T ^ ttp^ goes to infinity. If this is the case, we shall denote this limit by 

^ T'^{[v'pf)a{P,vp). 

{up\q=Uq 

A function b :% ^ A is F-converging if for each standard parabolic subgroup P C Q of G and 
each vq G Fp^, the finite sum 

T%{Wp]Q,T)h{P,vp) 

^p^^Po 

[up]q=uq 

admits a limit as T G ttp^ goes to infinity. If this is the case, we shall denote this limit by 

E T«([4]«)6(P,..p) . 

[up]q=uq 

The following inversion formula is an analogue of [LR', Theorem 2.1]. 

Theorem A. 2. For each T -converging function a : % ^ A, there exists a unique T -converging 
function b : % ^ A such that, for each [Q,vq) £ T, we have 



PcQ , ^, ^0 

The function b is given by the following formula : for each {Q^vq) G T, we have 

PCQ , Po 

[up]q=uq 

Theorem IA.2I is an easy consequence of the following two lemmas: 



Lemma A. 3 (Langlands). For any standard parabolic subgroups PcRofG and any H G ap, 

we have 

(47) (-lf"'^"§V^([/7]'3)?|([//]Q) = J^ 

PCQCR 

and 

(48) Y (-l)'''"^"^)^([^]^)r|([i/]Q) = 5^. 

PcQcR 
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Lemma A. 4 (Arthur). If T e af^ C +a^, the function H T^{H,T) {resp. H 
Tp{H, T) ) is the characteristic function of the hounded subset 

{H ea^\ {a,H) > 0,{-uDa,H) < {-uDa,T),ya £ A^} C of+ 

{resp. 

{H ea^ \ {uj^,H) > 0,{a,H) < {a,T)ya G A^} C +a|^) 

ofa^. 

Proof of Theorem \A.^ 

= E E r§{[uX)j:{-lf-^''"^ E r?{[u',f)a{P,up) 

PCQCR upGAP^ 
['^p]r='^r 

For fixed up, we have 

PcQcR 

PcQcR 

where the last equahty fohows from (|48p in Lemma lA.3i So 

E E ^q([^q]'')w,^q)= E E sMp,^p) = '^{r,^r) 

Wq]r=!^r Ivp\r=vr 



□ 



Now we consider a special case of Theorem IA.2I For any P £ V, fix np ^ Z>o and 
eg" G Gq* C Og such that for any standard parabolic subgroups P C Q of G, 

np>nQ, (e^ -e^)\^p=0, (e^,a^)eZ>o Va G A^, 

where ep = (e^ — e^)|^Q. (Here we use ep instead of (5p, which is used in |LRj . to avoid 

confusion with the 6p in Lemma lA.31 ) 

We have the following analogue of \LIi\ Lemma 2.3]: 

Lemma A. 5. For each {Q,vq) G T and each standard parabolic subgroup P C Q of G, we 
have 

[up]q=uq 

where, for each ^ G M/Z, (^) G M is the unique representative of the class fi such that < 
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Notice that < •, • > denotes the pairing between dual spaces, while < • > denotes the unique 
representative in (0, 1] of the class • G M/Z. 



Proof. Given 



UQeA%=XM'Po) / 



^0 



we choose a representative Xq £ X^:{A'p^^) C Oq of i^q. Let 



Then the natural projection 



restricts to a bijection 



Let 



X^A'p^) - = X^A'p^) / Za' 



j : 5 — > 5 = {z^p G A^J \vp\q = vq\. 



vpeA^ 



Then 



where 



[up]q=uq 



S+ = {i^p£S \ {w2, [i^'pf) > Va G A^}. 



Let 5+ = j-^{S+). Then 



So 



^0 + E 



a G Z,WaiXo) + ma > Vo! G A^}. 



n E ^^^^ 



E i^^-'''^^^ = E n 

(e^,aV>(ii7a(Xo)+mc) 



aeA'; 



roa(Xo)+mQ>0 



Note that (tJjQ,, uq) = Wa{j^Q) = Wa{Xo) + Z G Q/Z for all a G Ap. As in the proof of |LRl 
Lemma 2.3], for p G Z>o and x G M, we have 



z+m) 



a;-|-m>0 



1 - 
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Thus, 



m = n - 



aeAp 



Q 

□ 



Set m(P, Up) = np + {cp, v'p). We have now concluded with the following inversion formula, 
which is a slightly modified version of |LRl Theorem 2.4]. 

Theorem A. 6. Given uq : V ^ A, there exists a unique function bo : 'Z ^ A which satisfies 
the relation 

P<^P up€AP 
PCQ , ^0 

for each {Q,vq) G T. This function is given by 

Y. (-l)'«»<''?'«„(P)t-"«( n ^,^-^),^.-?<'''""'<-'"»» eA. 

for each (QjUq) £ T. 

A. 3. Inversion of the Atiyah-Bott recursion relation. Let C{G,vg) be the space of 
complex structures on a C°° principal G-bundle over a Riemann surface of genus g > 2 with 
topological type G Ap^^ = 7ri(G). Let C^^{G,vg) C C{G,vg) be the semi-stable stratum. 
Let Pt{G, vg) and Pf^i^G, vg) be the ^-equivariant Poincare series of C{G, vg) and C^iG, ug), 
respectively. Let C{G,P,vp) C C(G, fg) be the stratum which corresponds to {P,up) £ T, 
where [i'p]g = t^g- Then the real codimension m(P, v'p) of the stratum C(G, P, vp) is equal to 

2dim(Ap)(5-l)+4(p^,z.;,), 

where Np is the unipotent radical of P and 

Pp = \ E « e a^* C a^. 



G+ 



ae<I>p 

Clearly m(G, z^^) = 0. 

With the above notation, the Atiyah-Bott recursion relation can be stated as follows: 

Theorem A. 7 (Atiyah-Bott). The stratification of M.{G,vg) by the M.{G,P,vp) is perfect 
modulo torsion, so that for the Poincare series, we have 

(49) P,(G,z.g) = E E r^{Wpf)t'^^''^'''^^Pr{Mp,vp). 

P^P vp^KP^ 
[up\g=vg 

Note that Theorem I A . 71 and |LR1 Theorem 3.2] are slightly different when Gss is not simply 
connected. 

Theorem A. 8 ([LR, Theorem 3.3] ). For any ug G Ap^, we have 

^ / (l + t)^g xdim(aG) ^ ^2d.(G)-l)2g 

i=l ^ ' ^ ' 
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In particular, Pt{G,VG) does not depend on uq- 

Note that in both Theorem IA.7I and Theorem IA.81 we may replace G by the Levi component 
Mp of a parabohc subgroup P. 

To invert the recursion relation (I49|) . we apply Theorem lA. 61 with 

aQ{P) = Pt{Mp,up), boiP,up) = Pf'iMp,i^p), np = 2dim{Np){g-l), e'p = 4p$. 

We obtain 

Theorem A. 9. For any £ ^Pq' have 

1 +t)29x dim{op) /''^o'^ n^t2di{Mp)-U2g 



E(-i)^'"'"''(^) n 71 



Per 



.2dim{Np){g-l) f TT __}__\ .^T,^^^G{p$,o^''){^&i'^G)) 



This is exactly Theorem H7 
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